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ABSTRACT 
MATHEMATICAL INEQUALITIES 
by Amy N. Dreiling 

In this thesis, we discuss mathematical inequalities, which arise in various 
branches of Mathematics and other related fields. The subject is a vast one, but our 
focus is on inequalities related to complex analysis, geometry, and matrix theory. 

We investigate recently proven trigonometric and hyperbolic inequalities. 
This includes Katsuura’s string of seven inequalities for the sine and tangent 
functions and Price’s Inequality (with new proofs derived by Katsuura and Obaid). 
We also discuss complex hyperbolic inequalities and inequalities from infinite 
products. 

We then establish geometric inequalities, including those relating parts of the 
triangle as well as conic sections and their tangent lines. We also develop proofs of 
the Arithmetic-Geometric Mean and Erd6s-Mordell inequalities. 

Finally, we explore inequalities for univalent functions, including the famous 
Bieberbach Conjecture, Area Theorem, and Koebe’s One-Quarter Theorem. We 


finish with Hadamard’s Inequality for determinants 
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INTRODUCTION 


Mathematical inequalities are essential to the study of Mathematics as well as 
many related fields, and their uses are extensive. The database of the American 
Mathematical Society includes more than 23,000 references of inequalities and their 
applications. While the concept is a simple one, some of the most famous and 
significant results in Mathematics are inequalities. 

There are many classical inequalities that are not only well known but also 
quite relevant today. For instance, Schur’s Inequality states that, for any positive 
real numbers a, b, and c, and real number 1, it is always the case that 

a"(a—b)(a—c)+b"(b-—c)(b-—a)+c"(c—a)(c—b) =0. 
From the Cauchy-Schwartz Inequality we have, for real vectors a = (a, ...d,) and 
b = (by... by), 
n 2 n n 
(Dina) $(2,,,7)(D,,_,2} 
t=1 t=1 t=1 
We also have the following famous inequality from Jordan: if 0 < |x| < 2/2, then 


2 _ sinx 

= —— 1 

us x 
The known inequalities are numerous, and the list is growing. For a survey of 
inequalities, texts from Bullen [Bul93] as well as Beckenbach and Bellman [BB61] 
are excellent resources. 


While the topic of inequalities spans many branches of Mathematics, we will 


focus on those related to complex analysis, geometry, and matrix theory. Chapter 1 


is dedicated to trigonometric and hyperbolic inequalities. We start with a proof of 
the famous Triangle Inequality and then look to an incredible result of Katsuura 
[Kat11]. Katsuura began by providing a new proof of the following: 


sin @ + tan 0 
2 


for 0 < 6 < 1/2. He then extended it to a string of seven inequalities (see Corollary 
1.1.2). We then explore three alternate proofs of Price’s Inequality [KO07], which 


states that for a, b, 8 real numbers, a + b,a,b = 0 and positive integer n, 


a2” + b2" — 2a"b" cos(né) - (= — =) 
a? + b? — 2abcos@ a-—b /)~ 


Next, we discuss new complex hyperbolic inequalities, such as the following: if 
z =x +iy is acomplex number with x # kz for any integer k and n is a positive 
integer, then 


tanh(nz) 


< |cothx 
tanh z | | 


[KO07]. At the end of Chapter 1, we look at a few trigonometric and hyperbolic 
inequalities derived from infinite products. 

We begin Chapter 2 on geometric inequalities with two proofs of the 
Arithmetic-Geometric Mean Inequality. There are many inequalities involving the 
sides, angles, and areas of triangles. Some were introduced by famous 
mathematicians such as Carlitz (who published more than 700 papers on a variety 
of subjects) and Srivastava (who published more than 1,000 papers). Many of the 


results are well known, but we will provide new proofs for them. For instance, 


Euler’s Inequality states that the circumradius ofa triangle is never less than twice 
the inradius. Also, the Erdds-Mordell inequality tells us that for any point Pina 
triangle, 

R,+R2+R3 2 2(% +473), 
where R,, Rz, R3 are the distances from P to the vertices of the triangle and 71, 72,73 
are the distances to the sides [Niv81]. Finally, we dedicate a section to the results of 
Day [Day91]. He found that the area of the triangle formed by three tangent lines to 
an ellipse is strictly greater than half that of the triangle formed by joining their 
points of tangency; and for a hyperbola, the inequality is reversed. 

In our final chapter, our focus shifts to univalent functions and matrices. In 
the study of univalent functions, one cannot overlook the very famous Bieberbach 
Conjecture. Consider functions fthat are analytic (differentiable) and univalent 
(one-to-one) in the unit disk, with the properties that f(0) = 0 and f'(0) = 1. Itis 
known that fhas the power series expansion f(z) = z+ az* +a3z° +°--. 
Bieberbach correctly believed that for any n, |a,,| < n. While not proven for sixty- 
eight years (by de Branges), this conjecture, as well as other properties of univalent 
functions, sparked a great deal of research. We will discuss the Area Theorem, 
Koebe’s One-Quarter Theorem, Bieberbach’s proof for n = 2, and the proof of 
Bieberbach’s Conjecture for real coefficients. For our last topic, we look at 
Hadamard’s Inequality for determinants. His inequality asserts that foranyn xn 


matrix A = [a;;], 


n n 
|det Al? < | | (Yeu) 
i=1 


j=1 
We consider two proofs of his inequality in the real case, and one that proves it true 
for any complex matrix. 

There are numerous books, papers, and journals dedicated to the study of 
mathematical inequalities, so it is worth mentioning some additional references. 
For trigonometric inequalities, see Andreescu and Feng [AFO05]. See Kazarinoff for 
more geometric inequalities [Kaz61]. And, another interesting and useful reference 
for analytic inequalities is a book by Mitrinovic, which includes a large number of 


inequalities and in many cases their proofs [Mit70]. 


CHAPTER 1 


TRIGONOMETRIC AND HYPERBOLIC INEQUALITIES 


In this chapter, we will explore several trigonometric inequalities. They 
include inequalities with sine and tangent, complex hyperbolic functions, and Price’s 
Inequality. The results are quite elegant, and their proofs give us great insight into 


the properties of trigonometric functions. 
1.1 Inequalities involving the sine and tangent functions 


Here we will derive a chain of inequalities related to those introduced in 
calculus texts. This chain arose from the “Hungarian Problem Book II,” a collection 
of contest problems that posed the following to its readers in 1909: show that the 
radian measure of an acute angle is less than the arithmetic mean of its sine and 
tangent [Kur63]. In 2011, Katsuura not only provided a new proof of the statement, 


but also extended it to include several inequalities [Kat11]. 


Theorem 1.1.1. Let 0 < 6 < 1/2. Then 


sin 80 + tan@ 
5 : 


Proof. Before we begin, we state some well-known trigonometric identities. 
cos 20 = cos” 6 — sin? @ (1.1.1) 


cos 20 = 2cos*@-1 (1.1.2) 


sin 20 = 2sin@cos@ (1.1.3) 


First notice that 
2 


0 
sin 8 tan 8 — 2 tan (5) 


_sin*@ 4sin*(6/2) 
~ cos@ _cos2(@/2) 


_ sin? @ 4sin?(6/2) eee, 
= OTD =D ~ costa7ay bY ALD 
_ 4sin?(@/2) cos?(@/2)  4sin?(6/2) ean 


~ cos2(@/2) — sin2(@/2) cos2(6/2) 


7 4 sin?(@/2) {cos*(@/2) — [cos?(@/2) — sin?(@/2)]} (1.1.4) 
7 cos*(@/2) [cos*(@/2) — sin?(@/2)| 


The expression in braces in the numerator can be simplified to 
0 0 0 
4/_)_ 2 f=). tein2 [2 
ao (5) eos (5) ca (7) 


6 
= cos* (5) — cos 6 , by (1.1.1) 


= cos* (5) — (2 cos? (5) — 1) , by (1.1.2) 


-(0#@)-1) >a 


So, the entire numerator of (1.1.4) is greater than 0. Since, by (1.1.1) 


* (3) ~ sin? (3) = cose >a 
COS 2 sin Oe mae 


for 0 < 6 < 1/2, the entire denominator of (1.1.4) is positive as well. Hence, 


2 


0 
sin 8 tan 0 — 2 tan (5) > 0. 


So, 
7] 
2 tan (5) < vsin@tané. (1.1.5) 


Next we apply the Arithmetic-Geometric Mean Inequality, which will be proven in 
Chapter 2. The Arithmetic-Geometric Mean Inequality states that for any set of n 


nonnegative real numbers aj, Q2,...,QAn, 


a, +ag+°-+a, 


Sy 8 Op-* vi ® Ans (1.1.6) 


Equality holds if and only if ay = az =--- = ay. Applying this to the positive 


n 


numbers sin @ and tan 0 we obtain 


sin 6 + tan 0 


5 > vsin@tané. (1.1.7) 


(Notice here that we have a strict inequality since sin@ # tan@ for0 <0 < 7/2.) 


Now, consider Figure 1.1 below. 


B=(1, tan 8) 


Figure 1.1: A sector ofa circle with radius 1 


From this figure, we have that 


1 sin 0 
Aoac = 3 Asin 0) = 
and 
1 tan 0 
Aoas = 3 A) (tan 0) = 72 


where A indicates the area of the triangle. Also, 
6 6 
Area(sector OAC) = (5) (he 7 


Because the area of triangle OAC is less than the area of sector OAC, which is less 


than the area of triangle OAB, we have that 
sind 6 tané 
aes ae a 
or, equivalently, 
sind <6 <tané. (1.1.8) 


(Note here that it is a strict inequality since for 0 < 0 < 1/2 we have cos@ < 1.) 


And if we replace 6 by 6/2 in (1.1.8), we obtain: 


0 0 
2sin (5) <6 < 2tan (5) : (1.1.9) 


Finally, we combine (1.1.9), (1.1.5), and (1.1.7). This gives us: 


sin 80 + tan@ 


0 0 
2sin(=) <6 < 2tan() < vsindtand < 5 


Hence, 


sin 8 + tan@ 
2 , 


our desired result. 


The following is an extension of Theorem 1.1.1. 


Corollary 1.1.2. Let0 < 6 < 1/2. Then 


in@ <2si 0 ale saat é 2t 2 
sinf < sin(5) < < sin(5) an (5)< an(5) 


sin @ + tan @ 


< vsin@ tan @ ne a 


Proof. We replace @ by 6/2 in Theorem 1.1.1., and we get that 
7 mite +t : 
< sin (5) an (5) . 
Combining the above inequality with (1.1.9) yields 
2 si (5)<e<si (5)+ (5) (1.1.10) 
sin|> sin\> an | >). cd 
Notice that 
in@ = 2si (5) (5) <2 (5) (1.1.11) 
sin@ = 2sin|=}cos|> sin | >), A. 


from (1.1.3) and the fact that cos(0/2) <1 for0 <@< 7/2. And so, by (1.1.11), 


(1.1.10), (1.1.8), (1.1.5), (1.1.7), and (1.1.8), 
ind <2sin(2) <0 <sin(2) +tan(2) < 2tan(2) 
sin sin 2 sin 2 an 2 an 2 


sin@ + tan @ 


< vsin@ tan @ <5 a | 


10 


1.2 Price’s Inequality 
In 2002, Thomas E. Price discovered the inequality below [Pri02]. 


Theorem 1.2.1. (Price’s Inequality) Let a,b, and @ be real numbers with a and b 


non-negative and non-equal. Also, let n be an integer greater than or equal to 1. Then, 


a2” + b2” — 2a"b”™ cos(n@) . (= — = 
a? + b* — 2abcos@ a-—b })~ 


Interestingly, the main objective of Price’s paper was not to discover the 
inequality above; rather, he was working to generalize the formula for the products 
of chord lengths of a circle to that of the ellipse. Consider the unit circle with n > 1 
equally spaced points on its circumference. Call these points Wo, W4,..., @,_1, where 
Wo is the base point. Draw the chords connecting Ww, to each of the other points. 
The product of the lengths of the n - 1 chords is n, which we will show using the 
process below. 

We first choose Wy) = 1. Then, w; = e2iti/N for j = 0,1,...,n — 1are then 
roots of unity, or equivalently, the roots of the polynomial z” — 1. So, 

z™—1=(Z-1)@— a1) — wz)... Z — Wn-1), 
or, 


z™—1 


z—1 


= (Z— @1)(Z— W2) «.. (Z — @y-1)- 


Therefore, 


n 


lim 
Z>1 


= li _ — 22 = We 
| = lim|z — ay llz = 2) «le Ona 


11 


= |1—@,||1 — 2]... [1 -— @n-1 


n-1 
=[[_ bh-a) 
j=l 


which is precisely the product of the lengths of the chords. So, the evaluation of this 


product is equivalent to calculating the limit above. Using L’H6pital’s rule (see 
Brown and Churchill [BC09]), we have 


‘ z™—1 ml eae 
lim (——)| = fim 1 


Hence, the product of the lengths of the chords in any circle is n. 


a 


lim =| =n. 
Z>1/Z—-— 


Price then applied a similar process to the ellipse. Let a, b, and 6 be real 
numbers with a and b not equal and nonnegative, and 0 < @ < 27. (If a were equal 
to b, we would have the special case of the circle.) For appropriate values for a and 
b, the following equation describes an ellipse with major axis vertices +(a + b), 
minor axis vertices +i(a — b), and foci equidistant from the origin and on the real 
axis: 

ae’? + be~® = (a+b) cos@ + i(a—b)sin#. 

The chords of the ellipse are then constructed choosing the n points on the 
ellipse that are the images of the n roots of unity of the circle under the mapping 
e!® 5 ge’ + be with w) = a + b. Then, the product of the lengths of the chords, 


dy, of the ellipse, is given by: 


12 


Price achieved this result after a great deal of calculation. This led him to the 
inequality in Theorem 1.2.1. 

We will now look at three alternate proofs of Price’s Inequality found by 
Katsuura and Obaid [KO07], each of which is simpler and shorter than that of 
Price’s. Each proof will be discussed in detail, as well as some additional 
inequalities established by Katsuura and Obaid. Before we do so, notice that Price’s 
Inequality does not hold when we replace cosine by sine. For example, suppose 


a=2,b=1,n=2,and 6 =7/2. Then, 


a?" + 5?" —2a™b"sin(nf) 16 +1—8(0) see) ae) 
a2+b?—2absin@  4+1-—2(2)(1) | ~\2-1/)  \a-b 


Our first proof of Price’s Inequality uses some elementary inequalities. We 


begin by establishing the following lemmas. 


Lemma 1.2.2. Suppose n is a positive integer and 0 isa real number. Then, 


sin(n@) - sin@ < 2n(1 — cos 8). 


Proof. First suppose that —1 < cos @ < 0. Then 2n(1 —cos@) < 2n(2) = 4n. But, 
sin(n@) - sin@ < 1. So, our inequality is trivially true. Suppose then, 0 < cos 6 < 1. 
We will proceed with a proof by induction. 
Base Step: Suppose n = 1. Then, 
2n(1 — cos 0) — sin(n@) - sin@ = 2(1 — cos @) — (1 — cos? 6) 
= 2—2cos@—1+cos?@ 
= cos*6—2cos6+1 


= (cos@ —1)?>0. 


13 


Induction Step. Suppose our inequality holds for a positive integer n. Then, 
sin[(n + 1)6]-sin@ = sin(n@ + @)- sin@ 


[sin(n@) - cos @ + cos(n@) - sin @|[sin 6] 


= sin(n@) - sin@ - cos@ + sin? 6 - cos(n@) 
< 2n(1 — cos 6) - cos 6 + (1 — cos? 6) - cos(n@), by the induction assumption 
= 2n(1 — cos @)-cos@ + (1 + cos @)(1 — cos 8) - cos(n@) 
= [1 —cos@][2n cos 6 + (1 + cos 9) - cos(n@)]. (1.2.1) 
Because 0 < cos@ < 1, we have 
[1 — cos 0][2n cos 6 + (1 + cos 8) - cos(n@)| < (1 — cos 8)(2n + 2) 
< (1 — cos 8)(2n + 2) 
= 2n+2-—2ncos@ — 2cos 8 
= 2(n+1)-—2(n+1)cosé 
= 2(n+1)(1-cos@). (1.2.2) 
And so, by (1.2.1) and (1.2.2), 
sin[(n + 1)6]-sin@ <2(n+ 1)(1 — cos 8), 
completing ourinduction. 
Lemma 1.2.3. Suppose n is a positive integer and @ is a real number. Then, 


1 —cos(n@) < n?(1 — cos @). 


Proof: Again, we will proceed with a proof by induction. 
Base Step: Suppose n = 1. The inequality is trivially true. 


Induction Step. Suppose our inequality holds for positive integer n. Then, 


1 — cos[(n + 1)0] = 1 — cos(n@ + 8) 


= 1 — [cos(n8) - cos 6 — sin(n@) - sin 6] 


= 1-cos(n@)-cos@ + sinné- siné. 
By Lemma 1.2.2, 
1 — cos(n@) -cos@ + sinné - sin @ 


< 1 —cos(n@) - cos @ + 2n(1 — cos @) 


1 — cos(n@) - cos 8 + 2n(1 — cos 8) + cos @ — cos 9 


= [1 — cos(n@)]- cos @ + (1 — cos 8) + 2n(1 — cos 8). 


Applying the induction hypothesis, we get, 
[1 — cos(n@)]-cos 6 + (1 — cos 8) + 2n(1 — cos 8) 
< n*(1 —cos@)-cos@ + (1 —cos@) + 2n(1 — cos 8) 
= (1 — cos @)(n* cos @ + 2n + 1). 
Finally, since cos @ < 1, 
(1 — cos 6)(n? cos @ + 2n + 1) 
< (1— cos 0)(n* + 2n + 1) 
= (n+ 1)*(1 — cos 6) 
And so, by (1.2.3) - (1.2.6), 
1 —cos[(n+ 1)6] < (n+ 1)?(1 — cos 6), 


which completes our induction and our proof. 


14 


(1.2.3) 


(1.2.4) 


(1.2.5) 


(1.2.6) 


Lemma 1.2.4. Suppose a and bare positive real numbers and n and k are positive 


integers. Then, 


15 


n 


» akb™-k > (n+ 1)a”/2p”r/2, 


k=0 
Proof. Letx = a/b > 0. Then, 


n n n 


» akpn-k =) ath 2 BY at 
k=0 k=0 k=0 
= Db" (x9 +xt+--4+x") 


xo txt tet xt 
=p" ay 


n+1 
> b(n +1)(x9 + xt xP A/D) 
= b"(n ee 1)(xOtit try /@ty) (1.2.7) 
with the inequality coming from the Arithmetic-Geometric Mean Inequality (1.1.6). 
Now, applying the formula for the sum of a finite arithmetic sequence, we have that 
b™(n+ 1)(x0t1 ttn )y ft /(@+)] =b"(n+ 1)xlm+1)@+n)/2] [1/4] 


=p 
n/2 
= b"(n +1) (5) 


=(n+1)a"/2p”/?, (1.2.8) 


Therefore, by (1.2.7) and (1.2.8), 


n 


». akb™-k > (n + 1)a"/*b”/?2, 


k=0 


as desired. @ 


16 


We are now ready to complete our first proof of Theorem 1.2.1, Price’s 
Inequality. 
Proof 1. Assume that a, b, and 6 be real numbers with a and b nonnegative and non- 
equal. Also, let n be an integer greater than or equal to 1. Notice that if @ = 2km for 
some integer k, then Theorem 1.2.1 is trivial. Assume then, that 6 # 2km for any 
integer k. Now, let 
P=(a" — b")*(a? + b? — 2ab cos @) — (a — b)*[a2" + b2” — 2a"b" cos(nd)| 
Then, by adding and subtracting 2a"b” in the last set of parenthesis, we get that 
P=(a" — b”)*(a? + b* — 2abcos 4) 
—(a—b)*[a2” — 2a"b” + b2” + 2a™b” — 2a"b" cos(n@) | 
= (a" — b”)*(a2 + b* — 2abcos @) 
—(a — b)*[(a" — b")* + 2a"b” — 2a™b" cos(né)] 
= (a" — b”)?(a? + b* — 2ab cos 0) 
—(a" — b”)?(a — b)? — 2a"b"[1 — cos(n6)](a — b)? 
= (a” — b")?(a2 + b? — 2ab cos 0) 
—(a" — b”)?(a? + b? — 2ab) — 2a"b"™[1 — cos(n6)](a — b)?. 
And, with a great deal of algebra, we obtain, 


1 — cos(n@) 


P = 2ab(1 — cos 6) {(a” — hp")? — | a”-*b®-*(a- by} 


1—cos@ 
Applying Lemma 1.2.3, 
P > 2ab(1 — cos 6)[(a” — b”)* — n2a" 1b" 1(a — b)?] 


2 
a" — --) = ntartgr—y 
a—b 


= 2ab(1 — cos 6)(a — by? ( 
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= 2ab(1— cos 0@)(a — b)*< |b"? a —nzqnrtprt 
b 
ayy)? 
1 pee se 
= 2ab(1—cos0@)(a—b)*| 4b"? 1G) =a pe (1.2.9) 
io 
b 


Now, the formula for the sum, S, of a finite geometric sequence with common 


ratio rand n terms is well known to be: 


S= , (1.2.10) 


Applying (1.2.10) to (1.2.9), we get 


n-1 


ay* i 
P > 2ab(1 — cos 9)(a — b)* 4 |b" (;) =a ge" pts. 
k 


Since b"-1 ?-1(a/b)* = YP akb@-Y-*, we can apply Lemma 1.2.4. So, 


=0 


P > 2ab(1 —cos@)(a— by? |(na=o"=") — n2qh-1pr-1 


n-1 n-1\2 


= 2ab(1 — cos )(a — b)*(n2a™-1b""1 — n2a™ 1b" ?) 
= 0. 


Hence, 


a*” +b?” — 2a"b" cos(n@) eZ @ — _ 
a? + b* — 2abcos@ a—b/° 


This completes our first proof of Price’s Inequality. 


Our next proof uses complex numbers, some properties of hyperbolic 


functions, and the following theorems and lemmas. 
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Theorem 1.2.5. (The Triangle Inequality) For any two complex numbers z,and 22, 


|Z, + Z2| < [Z| a |Z2|. 


Proof. Let z,and z, be complex numbers. Then, 

|Z, + 22/7 = (2, + 22)(% + 22) 
= (2, + 22)(% + Z2) 
= |24|* + 212) + 722 + |22\? 
= |Z,|? + 2422 + 4Z + |22/? 
= |z,|* + 2Re(21Z2) + |22\? 
S |z,|? + 2|2,Z2| + |z2|? 
= |zy|* + 2 zy 11221 + [2217 
= |Z]? + 2|z,||Z2| + |z2/? 
= (lzy| + |z2|)7. 


And when we take the square root of both sides, we have our desired inequality. m 


Lemma 1.2.6. Suppose z is a complex number such that |z| # 1 and nis a positive 


integer. Then, 


z™—1) |z|"-1 
z—-1]~ |z/-1— 


Proof. By (1.2.10) above, we have 


z?™—1 


= 1.2.11 
Sa ( ) 


Also, notice that 
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n-1 


ig 


k=0 


=|z°tz>+e-4+2"71| 


< |z°| + |z*] +--+ |z""1], (1.2.12) 


where we used the Triangle Inequality. In addition, 


1 


n-1 
7 Zs 
29] + zt) te + fz] ai Tot (1.2.13) 
k=0 


1 J 
again by (1.2.10). So, (1.2.11) - (1.2.13) gives us 


z™—1) |z|"-1 


Ze 1 (|Z) — 1. * 


Theorem 1.2.7. Let z = x + iy be a complex number with x nonzero and suppose n is 


a positive integer. Then, 


sinh(nz)| _ sinh(nx) 
sinh z sinhx 
Proof. Suppose z = x + iy. Note that 
le7| = |e* : e'y| = |e*|-|cosy +isiny| = e*. (1.2.14) 
It is easy to see that 
sinh(nz)|__ je"* —e7™ 
sinhz | | e?7—e-2 


eZ. eM et = e nz 
(S . oz) ( e%7 —e 2 ) 
e(er™ —_ 1) 
en (e22 — 1) 


eZ 


enz 


e2nz —1 
e22 —1 
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e RX, |e2nz _ 4 
= (— ) a (1.2.15) 
by (1.2.14). Lemma 1.2.6 and (1.2.14) give 
e NX, |e2nz _ 4 eax |e22|” =a 
SS 
aie id BY cae | ere (=) 
enX /p2nx _ 4 
~ ene (= —1 
et _ e-nx 
= ex x ex 
x sinh(nx) (1.2.16) 
sinhx © 
Hence, by (1.2.15) and (1.2.16), we obtain 
mane sinh(nx) 
sinhz sinh x 


To simplify our second proof of Price’s Inequality, we will list two useful 
properties of hyperbolic functions. Again, suppose z = x + iy is acomplex number. 
|sinh z|? = (sinh z)(sinhz) 

= (sinh z)(sinh Zz) 
(e2t? 4 er Ur2)) _ (Cae 4 e 2-2) 
7 
(e2* ae e~ 2x) a (e2' a e~2ty) 
7 
cosh(2x) — cosh(2iy) 
Z 


cosh(2x) — cos(2y) 


5 C247) 
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Similarly, we have 


cosh(2x) + cos(2y) 


hz = 
|coshz| 5 


(1.2.18) 


Proof 2. Again assume a, b, and @ are real numbers with a and b positive and non- 
equal. (Notice that ifa = 0 or b = 0, then Price’s Inequality is trivially true.) Also, 
let n be an integer greater than or equal to 1. Letc = a/b and z = (Inc + i@)/2. 
Then, by (1.2.17), 


cosh(n : Inc) — cos(né) 


2 
|sinh(nz)| 5 


ermine + e-mIne _ 2 cos(n@) 
4 


c™ +c" — 2 cos(n@) 
4 


_ (a"/b") + (b"/a") — 2 cos(né) 


4 
2n 2n _ npn 
aD 2a"b cgstne). (1.2.19) 
4a"b” 
Therefore, 
[mane e ae eb = Jab cos (n8) 
sinhz | (ab)"-1(a? + b? — 2abcos@) 
And so, 
a2” + b2” — 2a"b” cos(nd sinh(nz)|* 
a? + b* — 2abcos@ sinhz 
2 
sinh ¢ x “) 
< (ab)""1 ; 


Z2 


by Theorem 1.2.7. Finally then, 


cosh(n - Inc) — cos(0) 
cosh(In c) — cos(0) 


eminc ening +e mine 2 ae ey) 
= (ab)""1 


eee RT 
erent a2 ate) 


c+tcl- 


a*” +b?" — 2a"b”™ cos(né) 


a2 + b* — 2abcos@ py er) 


< (ab)"1 eee ener 


= (ab)"- 1 


ere (ssa + (a/b)” - ,) 


(a/b) + (a/b)~* — 


4+ p2n — Zab” 
= n-1 a 
=) _asezg 


= (aby! a2” + bh?” — 2a"b” ( ab ) 
= a2 + b2 —2ab a™pb” 
7 a2” + b2” — 2qa™p” 
7 a2 + b2 —2ab 

qa” — pb” 2 
7 ( a—b ) : 


as desired. mf 


Our third proof of Price’s Inequality is the easiest of the four known proofs. 
It comes from simply applying Lemma 1.2.6. 
Proof 3. Again assume a, b, and @ are real numbers with a and b positive and non- 
equal. Also, let n be an integer greater than or equal to 1. By squaring both sides of 


the equation in Lemma 1.2.6, we get that 


z"—1 


z—1 


2 oe leled ys 
< : 
~\ |z]-1 


Iz” — 4/7 = (2" — 1)" =1) = @* - 1)" - 1) 


Also, notice that 


= |Z" |F=g = 7h + 1 


= |z"|2 — 2Re(z") +1. 


Now, we let z = (b/a)e’. Then, by (1.2.20) and (1.2.21) we obtain 


n . 12 nn. n 2 
7 eins -2Re (Zreim) +1 Peis aii 
< 
be gle b , | |e oie] — 
|? e9| — 2Re (7e!%) +1 |7e | 1 
But, 
b” , 2 hb” ; p2n pb” 
lrein® — 2Re (zre'”?) +1 _ qa 2 =a cos(né) +1 
b b oe 
7 e'9| — 2Re(2e%) +1 qe 2 goose +1 
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(1.2.20) 


(1:2.24) 


(12:22) 


a?” +b?" — 2a"b” cos(né) 


q2n 


a2 


So, by (1.2.22), 


a2" + b*" — 2a"b" cos(nd) b ig 
q2n a® | : 
a* + b? — 2abcos@ b io 
a ae | —1 
Thus, 
n 

a2” + b2” — 2a"b”™ cos(n@) 7 se ae a? 
a? + b* — 2abcos@ 2 eis] =i q2n 


a2 + b2 — 2abcos@ 
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as desired. Hence, Price’s Inequality is just a special case of Lemma1.2.6 m 
1.3 Inequalities similar to Price’s Inequality 


Interestingly, we can develop new inequalities similar to Price’s, using 


similar processes. Two of these are discussed below [KO07]. 


Theorem 1.3.1. Let a,b, and 6 be real numbers with a and b non-equal and 


nonnegative. Also, let n be an integer greater than or equal to 1. Then, 


a2” + b2” — 2a"b™ cos(né) Z (: + ay. a* + b* — 2abcos@ 

a2? + b22 + 2a"b" cos(n@)” \a—b/ \a* +b? + 2abcosé@ } 
Proof. As we did in our second proof of Price’s Inequality, we let c = a/b and 
z=x-+iy = (Inc + i0)/2. Applying (1.2.18), we obtain that 


cosh(n Inc) + cos(né) 


|cosh(nz)|? = ; 


eminc + e-nine  cos(n8) 
4 2 
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c™ +c" + 2cos(n@) 
4 


_ (a"/b") + (b"/a") + 2 cos(né) 
eh 


a?” + b2” + 2a"b” cos(né) 
4a"b” 


(1.3.1) 


So, by (1.3.1) and (1.2.19), 


a2” + b2” — 2a"™b" cos(né) 


> L3eZ 
a2” + b2” + 2a"b" cos(né) ( ) 


|tanh(nz)|? = 


and 
een ae a2” + b2” + 2a"b” cos(nd) 
a2” + 22 — 2a"b" cos(né) 
Therefore, 


a* + b? + 2ab cos(0) 


th 2 SS ED AY, 
|coth x| a? + b? — 2abcos(0) 


23@e abe 4 Zab 
~ a2 + b2 —2ab 


2 (< eS a (1.3.3) 


In the next section (Theorem 1.4.3), we will prove that if z = x + iy is a complex 


number with x # kz for any integer k and nis a positive integer, then 


tanh(nz) 
——— < |coth x|. 
tanh z 
So, 
tanh(nz) |’ 
——]| <|cothx|?, 
tanhz 
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which gives us that 


|tanh(nz)|? < |coth x|?|tanh z|. (1.3.4) 


Hence, (1.3.2) - (1.3.4) give us the following inequality, very similar to Price’s: 


a2” + b2” — 2a"b™ cos(né) Z (Z + 5) a* + b* — 2abcos@ 
a2r + b22 + 2a™b" cos(n8)” \a—b/ \a*+b*+2abcosé)} - 


Interestingly, the right-hand side of the above inequality is independent of n. 


Theorem 1.3.2. Let 0, a, and b be positive real numbers with a not equal to b 


andn = 4m + 1, for some integer m. Then 


a?” + b2" — 2a"b” sin(nd) _ (= — ay 
a? + b* — 2absin@ a—b/}~ 


Proof. Again, letc = a/b and z = (Inc + i@)/2. Then, 


Se 

Inc 0 1a 
ay [ener 4 compen 1.3.5 
nls +i(5 a) ee) 


So, by (1.2.19) together with (1.3.5), we have that 


sinh rz —i(F)]] = |sinn fn 55 + (5-2)f 


{a2" + b*” — 2a"b" cos [2n (5 — z)|} 
4a"b” 


2 


[a2 + b2” — 2a"b" cos (no iz 2) 
gp 
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[a2" + b2” — 2a"b” sin(nd)]| 


7 4a"b” 
And so, 
a2" + b2" — 2a"b" sin(n@) = 4(ab)” - [sinh [nz —i (“II 
Therefore, 
a2” + b2” — 2a"b" sin(n@) : 4(ab)” - |sinh [nz —i ()\/ 
a2+b2—2absin(n@d) ii sinh [2 ae eM 
_ z sinh (nz — iz) : 
=(ab)** ama), (1.3.6) 
But, 
sinh (nz — iz) a enz-ig _ og netig 
sinh (z = iZ) ° ee” 4 prety 
ea ent-'g = oonztig , 
= elt e2 lg e 2tig 


nz «NZ 2 


e —le 


e% —ie“ 
(=) (— => <—) 
—lezen"4 eZ pas, le~4 


e2\ (—ie2" —1\|* 
= ( mie til 
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2 


e2* —je2 a 
= (=) eT ey , by (1.2.14) 

a 2 

= (e-2x(0-1) ——— (1.3.7) 
So, (1.3.6) and (1.3.7) give us 
a2” + b2” — 2a"b" sin(n@) —je2nz — 4]? 
= (qb)"-1(e-2x(m-1)) |_— 1.3.8 

a? + b? — 2absin(né) (ab) (e ) —ie?2—] ( ) 

Next, we let t = —ie?”. Notice that with n = 4m + 1, we have 


t” = (=te77)" — (a1) het = —je2”, 
And so, with Lemma (1.2.6), 


: 2 2 
—je2n =| 


er | = (e-4@=)) ; 


ee 
t-—1 

n_ 2 
ee G 7) 


. 2 
= (e-2(n-1)) (= as *) 


|—ie%|—1 


(e-4G-)) 


2nx 


= 7 e -—1 
= (e 2x(n 2) (= 


2 
>) by (1.2.14) 
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| 
Q 
N 


Q Q 
NIP; NS 
| 
Q 
N 


(1.3.9) 


Hence, by (1.3.8) and (1.3.9), 


n n 
| aye _ (a2 
a? + b2 — 2absin(né) a 

Db 


II 
“oN 
Q 
> 
ae 
li 
N] | 
a= 
ye i 
a“ ™~ 
Sts 
——” 
N[3 
| 
“~~ 
Sta [S19 
nS” ant 
NI3 


nu aft 
_| cay? { G)’ - G)’ 
omar -@y 
qa” — hp” 2 
=( a—b " 
1.4 Complex hyperbolic inequalities 


In addition to exploring additional proofs of Price’s Inequality, Katsuura and 


Obaid developed several hyperbolic inequalities from the properties they used in 


these proofs. With some manipulation, we obtain the following as a result of 


Theorem 1.2.7 [KO07]. 


Corollary 1.4.1. Suppose z = x + iy is a complex number. 
(a) Ifx # 0, then 


sin(inx) 


eee 


sin(iz) |~ sin(ix) ° 
(b) Ify # 0, then 


sin(nz) 2 sinh(ny) 


sinz sinhy © 


Proof. Because sinh z = —i sin(iz), we obtain that 


sinh(nz) 
sinh(z) 


—i sin(inz) 


ee 


—isin(iz) sin(iz) 
and 


sinh(nx) _ —isin(inx) _ sin(inx) 
sinh(x)  —isin(ix) — sin(ix)’ 


where x # 0. Therefore, by Theorem 1.2.7 and the two equations above, 


sin(inz)| _ sin(inx) 


sin(iz) |~_ sin(ix) ’ 


which is (a). 
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Now, suppose that y # 0, and replace z by iz in part (a) above. Then, for the 


left-hand side, we have 


sin(—nz) 


7 eae 


sin(—z) sinz 


And for the right-hand side of (a) we have, 
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sin(—iny) _ —isin(iny) _ sinh(ny) 
sin(—iy) —isin(iy)  sinhy 


Hence, by part (a) and the two equations above, 


sin(nz) 2 sinh(ny) 


sinz sinhy ’ 


whichis (b). @ 


Corollary 1.4.2. Let z = x + iy bea complex number with x nonzero and let n bea 


positive integer. Then 


cosh(2nx) — cos(2ny) Z sinh(nx)\" 
cosh(2x) —cos(2y) ~ \ sinhx /~ 


Proof. From (1.2.17), 


2 _ cosh(2nx) — cos (2ny) 


~ cosh(2x) — cos(2y) ° 


eae 
sinhz 


Now, if we square both sides of Theorem 1.2.7, we have 


cease sinh(nx) \? 
~\ sinhx )- 


sinh z 


Hence, 


cosh(2nx) — cos(2ny) E sinh(nx)\" 
cosh(2x) — cos(2y) sinhx ] © 


Theorem 1.4.3. Let z = x + iy bea complex number with x # km for any integer k. 


Also, let n be a positive integer. Then 


ae < |coth x\ 


tanh z 
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Proof. First notice that 


coshz e~+e7 


enz + e nz 


cosh(nz) 


eZ, enZ eZ +e72 
= (=) (Ge) Gere) 


en 


— 


eZ | {e272 4.1 


er 
- (=) 
by (1.2.14). Now, by the Triangle Inequality [Bul98], 
(=) e727 41 - (=) le?7| + |1| 
ex )le2nz 4.4] — Vex [le2"2| — |1| 
a= ee 44 
= (Se) (para 


ex~+te~* 


a Jer wan! eu | 


eT (1.4.1) 


4] 


_ coshx ne 
~ |sinh(nx)|° hae) 


Hence, by (1.4.1) and (1.4.2), 


cosh x 


| coshz 
TEE 
|sinh(nx)| 


cosh(nz) 


Therefore, 


tanh(nz) 
tanh z 


sinh(nz)|| coshz 


sinhz | |lcosh(nz) 


(sanoas 


- sinh(nx) ( coshx ) Beth oe 
~ \. sinhx |sinh(nx)|/ ’ Nah coe 


sinh(nz) 


sinhz 
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2 ( sinh(nx) )(22 *) 


|sinh(nx)|/ \sinh x 
= (+1)(coth x) 
=|cothx|. = 
Interestingly, the right-hand side of the inequality above is independent of 


both nand y. 


Corollary 1.4.4. Let z = x + iy bea complex number with y # km for any integer k. 
Also, let n be a positive integer. Then 


tan(nz) 


< |cothy]. 
tan Z | y | 


Proof. First note that tanh z = itan(iz). Then, 


tanh (nz) 
tanh (z) 


tan(inz) 
tan(iz) 


i tan(inz) 


i tan(iz) 
So, by Theorem 1.4.3, we have the following (when x # 0): 


tan(inz) 
| tan(iz) 


< |coth x|. (1.4.3) 


Replace z by iz in (1.4.3). Then, for the left-hand side we have that 


ee 


__ [tan(nz) 
tan(—z) =| 


tan Z 
And for the right-hand side of (1.4.3) we have 


coshy coshy 


cosh(—y)| _ 
sinh(—y)| | 


|coth(—y)| = 


= |coth y|. 


—sinhyl  |sinhy 


Hence, by (1.4.3) and the two equations above, 


= (nz) 


<|cothy|. mg 
tan Z | YI 
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1.5 Trigonometric and hyperbolic inequalities from infinite products 
Jordan and Kober’s inequalities are two well-known trigonometric results, 
each with numerous applications and appearances in mathematical works [CZQ]. 


Jordan’s inequality states that: 


Kober’s is the following: 


x 
cosx>1—-—, 0<x< 
1 


NIA 


Interestingly, his inequality reverses for x € (1/2,7). There are many extensions of 
these inequalities as well as variations of them. For instance, in 1969, R. Redheffer 
found that, for all real values of x, 
6 SI a he 
In this section, we will explore inequalities appearing in the work of Chen, 
Zhao, and Qi [CZQ]. These will include inequalities of the cosine function, the 
hyperbolic cosine function, and the hyperbolic sine function, all of which are similar 


to Redheffer’s above. We will utilize mathematical induction as well as the infinite 


product forms of each of these functions. 


Theorem 1.5.1: [f—1/2 < x < 1/2, then 


1 — 4x2 


>. 
cos(mx) = Tae 
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Proof: Because cos x = cos(—x), it is sufficient to prove the inequality for values 


between 0 and 1/2. Notice that if x = 0 then we have equality. It is known that 


[DRO3] 


We let 


forn = 2,3,... 


So, 


Then, 


pics , 4x? 
ais (2k —1)2)’ 
4x? 
Paces, (: a} (1.5.1) 


cos(mx) = (1 — 4x?) [lim F,| 


- 4x) 


= a [1 + 4x2) lim Fy]. (1.5.2) 


Using these facts and mathematical induction, we will prove that, for n = 2, 3,... 


2 


1.5.3 
saa (1.5.3) 


(1+ 4x2)F, >1+ 


Base Step: Suppose n = 2. Then, 


(1+ 4x2)F, -1- 


alae hea 5) ee eee 
Mat” le I0)=4 
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ye eee ee ee 
= . 9 3 
44 4x? ieee 16x* 4x? 
~ 9° 9 =a 
- 20x? 16x* 
9 9 

4x? 


= 6 — 4x7) > 0, 


since 0 < x < 1/2. Hence, for n = 2, inequality (1.5.3) holds. 
Induction Step: Suppose (1.5.3) is true for some n = 2. Then, 


4x? 


14+ 4x*)F4., -1-——_——_ 
(1 + 4x°) Fro 2(n+1)-1 


= (1+ 4x2), (1 ne (eet a 
fs PPTON PO AND 7 ocr 


4x? 4x? Ax? 
> {1 a | LS ee , by induction assumption 


~ (n+ 1)? — 2n+1 
aa 4x? ii 4x? 16x* i 4x? 
~  (2n4+1)2 2n-1 = (2n—1)(2n +1)? 2n+1 
Se i ae 4x? d 
—"* \Ona te 21. Qn—D@n)? .m44 


a, =n 1) anand)? =4xe Sn = 1) m+ 1) 
= ee 


gal pian pan aan =a |) 


=e (2n—1)(2n+ 1)? 


dia 3+ 2n— 4x? 
~ "ln —Dant 12| 


37 


Now, clearly 4x? > 0 and (2n + 1)? = 0. Since n > 2 and 0 <x < 1/2, we also 
have 2n — 1 > O and 


34 2n—4x2 > 3 +2(2) —4x2 > 7— 4x2 > 7—-4(0)? > 0. 


Therefore, 
Ae? 3 +2n — 4x? se 
“\@n—-D@n+b2)~ ” 
and so, 
4x? 
14+ 4x7)F, 1+——_—_—_., 


which completes our induction and proves (1.5.3). 
Next, we evaluate the limit as n approaches infinity for each side of (1.5.3) 


and get 


4x? 
lim (1 + 4x?) F, > lim I + | =1+0=1. (1.5.4) 
n—-0o n-0o 2n = 1 


Notice that the above inequality is not strict. This is because of the known fact that 


ifa, > b, then 


lim a, = lim by. (1.5.5) 
n-0o n-0o 
Clearly (1.5.2) and (1.5.4) yield 
1 — 4x? 1 — 4x? 
cos(mx) = ( ) > ( ) 


[a + 4x?) lim F,| 


(1 + 4x2) ~ (1 + 4x2)’ 


as desired. @ 
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Using a process like that above, we can also prove the following similar 
theorem. Therefore, we leave the proof of Theorem 1.5.2 to the reader, and move on 


to Theorem 1.5.3. 


Theorem 1.5.2. [f—1/2 <x < 1/2, then 


nea 1+ 4x? 
COSN\ITEX = Kae 


Theorem 1.5.3. If 0 < |x| < 1, then 


sinh(1x) E 1+ x? 
mx ~ 1-—x?2° 


Proof: Notice first that the left-hand side of the inequality above is always positive. 
The right-hand side is negative if |x| > 1. Therefore, these are not possible values 


for x, and so it must be the case that 0 < |x| < 1. It is known that [DR03] 


sinh(zx) - ( =) 
a fe 
TX n 


n=1 
Let 


forn = 2,3,... Then, 


x2 


So, 
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some <4 2) [tm 6 
aio) a2 
a ———|(1 x?) lim Gn|. (1.5.7) 


Using the equations above and mathematical induction again, we will prove that, for 
n= 2,3,... 


x2 
(1-—x7)G, <1- re (1.5.8) 
Base Step: Suppose n = 2. Then, 
2 2 


x x 
C2206 e1+ Seat 


x2 2 
-a-xy(142 on) ie 
(2)? 


x? x? 
= 1- 2 1 == —1 = 
( <)( +3) +5 


II 
ay 
+ 

| 

| 
ee 

N 

| 

| 

| 
ay 
+ 
| 


Hence, for n = 2, inequality (1.5.8) holds. 


Induction Step: Suppose (1.5.8) is true for some n = 2. Thus we have 


2 


(1 a x7) Gn41 ab ep 


n+1 
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2 2 


x 


x a? xe 
<(1-4)f: ++? —1+—_, ’by induction assumption 
=14+———— —- —- ——__.- 1+ —— 

(n+1)? n n(n+1)? n+1 


= Ote OEA L)ae a na 
7 n(n +1)? 


nx? = nex — 2nx? — x7 — xP 4 nex? 4+nx2 


n(n + 1)? 
eet 4 
7 n(n + 1)? 
7 x? + x4 or, 
n(n + 1)2 


which completes our induction and proved (1.5.8). 
Next, we evaluate the limit as n approaches infinity for each side of (1.5.8) 


and have 
ag 
lim (1 — x”)G, < lim - 7 =1-0=1. (1.5.9) 
n-co n- co n 


Again, the inequality above is not strict by (1.5.5). Combining (1.5.7) and (1.5.9) 
yields 


sinh(mx) (1+%x7) eke 
Ge eas eels 


1+ x? 
1—x2’ 


as desired. m 
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CHAPTER 2 


GEOMETRIC INEQUALITIES 


In this chapter, we examine geometric inequalities related to the triangle and 
conic sections. While there are numerous inequalities about the parts of the 
triangle, we mostly focus on those that have quite simple results but are in fact very 
applicable and quite interesting. Following this discussion about triangle 
inequalities, we consider inequalities that arise from conic sections and their 


tangent lines. 


Zed The Arithmetic-Geometric Mean Inequality 


In the next section, we develop several inequalities about the angles, sides, 
and altitudes of a triangle. Interestingly, many of them are found by simply applying 
the Arithmetic-Geometric Mean Inequality. There are quite a few proofs of this 
famous inequality, including Cauchy’s lengthy algebraic proof by induction, but the 
two we look at are much shorter and very elegant. The first was completed by 
George Pélya [HLP64] and the second is an application of the Lagrange method 


[Ste12]. 


Theorem 2.1.1. (The Arithmetic-Geometric Mean Inequality) For any set ofn 


nonnegative real numbers, a1, Qz, .-.,An, 
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a, +agt+--+ay, 


n 
> 4/0, ° Az * Ap. 


Equality holds if and only if a, = az = +: = Ay. 


n 


Proof 1. Let a,, az, ...,a,be a list of n nonnegative real numbers. We also let A 


denote their arithmetic mean and G their geometric mean. That is, 


ee 
and G = 4/@,° 2° ...° An. 


We start by showing that f(x) = e* — x — 1 = 0 for all real values of x. Well, 


Aa, +az,+'+a 
= 1 2 n 
n 


f'(«) = e* —1 = 0 when x = 0. So, x = Ois our only critical value for f(x). Since 
f(x) = e* is not only continuous near x = 0 but also positive at x = 0, we can 
apply the Second Derivative Test (see Stewart [Ste12]). The Second Derivative Test 
tells us that f(x) has a local minimum at x = 0 and hence an absolute minimum 
since this is our only critical value. Therefore, f(0) = 0 is the absolute minimum 
value, implying that f(x) = e* -x -12=0,ore* >1+-%, for all real values of x. If 


we let x = (a;/A) — 1, then we have 


Pete ee 
e > —-1=-, 
A A 


for alli = 1,2,...,n. So, 


which gives us 


A,tagt tan _ QA,°QAr*..° 
77 n > 1 2 n 


e 2 An 


But, with A and Gas defined above, our inequality becomes 


Gn 
et pS 2 an 
Hence, 
AY > a", 
and therefore, 
A2>G. @ 


Proof 2: Suppose a4, Q, ...,@,are a list of n nonnegative real numbers. Let 


F(@4, Ap, 06, An) = 9/04 An. An, 


with the constraint that these numbers add to a constant c. Now, we let 
G(Q4,Q2,..,An) =A, +A, 4+°++a, =C. 


We want to find the maximum value of f for which the constraint g —c = 0. 


Consider 


F (ay, 2, +, Qn, A) = f (G4, Az, 1, An) + Alg (ay, az, ..,A4n) —C] 


= 01° Az ° ut An tAla, tagt--+a,—cl], 
where A is a parameter called the Lagrange multiplier. Lagrange’s method states 


that the maximum and/or minimum will occur where the partial derivatives of F 
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(with respect to each variable) equal zero. So, we are looking to solve the following 


equations simultaneously: 


OF OF 
oa - 0a; 


foreach 1 <i <n. Notice that 


Onze 
da, 


if n 
Ag*..'A,'—'a cmanee 
2 n n 


es, 


and 


Og 
da, a, 


We do the same for each a; and obtain 


OF 

ae ae A(1) = 0, 
= yoy + ACA) 

an na + A(1) =0 

da, Aan (1) , 

oe rr aoe + A(1 0 

da, "An (1) = . 


The equations above may be rewritten as 


"iQ, ° pz * An = —Ana,, 
A412 +. An = —Anaz, 
VQ, ° dz °° A, = —Ana,, 


and so itis clear that we must have 
Ana, = Andaz = -*: = Andy. 


Hence, 


This, together with 


OF 


zy Ha, t+ agts+a,—c=0. 
OA 1 2 n 


yields 
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A, +agt+ad, =naj =C, 


or, 


Cc 
a;j=—. 


3 


for each 1 <i < n. Therefore, 


Cc oC C 
f (ay, 2, ...,An) =f (= i sia) 


aio 


a, +ag+-+a, 
s . 


Again, the Lagrange method guarantees that this is a maximum or minimum 
value for f But, regardless of how small each a;, there is no minimum value. Hence, 


this must be a maximum. Therefore, 


a, +ag+-+a, 
VN Q1* Az * wt An << ————_. 


n 


ZZ Inequalities in the triangle 


Now that we have established the Arithmetic-Geometric Mean Inequality, we 
will define some notation that will be used throughout this chapter. Let a, b, and c be 
the lengths of the sides of AABC opposite the vertices A, B, and C, respectively. We 


let r be the radius of the inscribed circle (inradius) and R the radius of the 
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circumscribed circle (circumradius). Finally, s will denote the semi-perimeter of 
AABC and A will be its area. 

Throughout the following section, we also utilize the well-known Heron’s 
Formula, which was discovered first by Heron of Alexandria. Below is an impressive 
proof of the formula that is not only simpler than Heron’s, but was discovered by a 


high school student in 2007 [Edw07]. 


Theorem 2.2.1. (Heron’s Formula) A = ,/s(s — a)(s — b)(s —c). 


Proof. Consider AABC in Figure 2.1. 


Figure 2.1: AABC with inscribed circle of radius r 


We start by lettinga =y+z,b=x+z,andc=x+y. Thens=x+y+z 
will be the semi-perimeter. Clearly, 2a + 26 + 2y = 2m. So,at+Pt+y=T. Ifwe 
rotate our axis, then we have r + ix = ue'“,r + iy = ve'®, andr + iz = we"”. So, 

(r + ix)(r + iy)(r + iz) = (ue')(ve? )(we'Y) 


= uvwe(@+h+Y) = uvwe'™ = —uvw. 


Therefore, 
Im[(r + ix)(r + iy)(r + iz)] =r*(x+y +z) —xyz=0. 
So, 
= xyZ _ |{(s—a)(s—b)(s—c) 
ogee. = —s- 
Hence, 


- (s —a)(s — b)(s —c) 


Ss 


=/s(s—a)(s—b)(s—c). & 
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Now we establish the following theorem and two lemmas that will be used in 


the proof of Euler’s Inequality [Kla67]. 


Lemma 2.2.2. A=rs. 


Proof. This was shown in the last few lines of Heron’s Formula. 


Lemma 2.2.3. 4RA= abc. 


Proof: Consider AABC as in Figure 2.2 on the following page. 
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Figure 2.2: AABC inscribed ina circle of radius R 


Notice that mZA = (1/2)mBC and mzé = (1/2)mBC, so ZA = ZO. Since 


. g= a 
sin = SR’ 
we have 
inA = = 2.2.1 
sinA = 5p: (2.2.1) 
or 
a abc 


R= —— = ———__ 
2sinA 2bcsinA 
Finally, since the area of AABC is 


= bc sinA 


then 


as desired. m 
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Theorem 2.2.4. r = 4R sin(A/2) sin(B/2) sin(C/2) . 


Proof. Suppose AABC is given as in Figure 2.1. Then, 


a=y+z=rfoot() + cot(5) 


cos(B/2)  cos(C/2) 
ieee sin(C /2) 


___[sin(C/2) cos(B/2) + sin(B/2) cos(C/2) 
= | sin(B/2) sin(C/2) 


sin(B/2) sin(C/2) [e22) 


ps + a 
Also, mZA +mZB +mZC = 180, and so [(mZA)/2] + [((mzZB)/2] + [(mZzC)/2] = 


90. Therefore, [(B/2) + (C/2)]| and (A/2) are complementary, which gives us 


in(5 +5) = 5(5) 
saat 1) 2 = COS 3) 


With this and (2.2.2) we obtain 


= cos(A/2) 
a 30 72) sin(C /2))' 


and so 


r=asn(f)sm(Q)se(), 


Next, we eliminate a from the equation above by means of (2.2.1) and get 


~ansnasn(§)sn(@) se as 
T= sin SU ot a PPE NG} iG 


Now, note the following trigonometric identity: 


pane? 7] 7] 
sin@ = 2sin (5) cos (5), 
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or, equivalently, 


in 8 (5) =2 : (5) (2.2.4) 
sin G Sec y) =2s1n y) ‘ oe 


So, by (2.2.3) and (2.2.4), 


= ansin(7) sin(5)sn(5) 
r= SS Sa) oN 


There are many proofs in various mathematical publications of the following 
elegant result, which was first proved by Euler. Goldner completed his proof in 1950 
[Gol50], and Klamkin did his in 1967 [Kla67]. 

Theorem 2.2.5. (Euler’s Inequality) R = 2r. 
Proof 1. [Gol50] Consider AABC with semi-perimeter s and side lengths of a, b, and c 
across from A, B, and C, respectively. Applying the Arithmetic-Geometric Mean 


Inequality (Theorem 2.1.1) to positive real numbers s - b and s - c, we have 


(s—b)+(s—c) = 2V(s — b)(s —¢). 


But, 
a+b+c a+b+c 
(s — b) + (s —c) = ———— —- b + —— - c= a. 
2 2 
So, 
a= 2 (s —b)(s —c). 
Similarly, 


b=2/(s —a)(s—c) 


and 
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c>2V/(s—a)(s—b). (2.2.5) 
We multiply the left- and right-hand sides of these inequalities and get 
abc = 8(s —a)(s —b)(s —c). 
Now, since 4RA= abc, by Lemma 2.2.3, we have that 
4RA > 8(s — a)(s — b)(s —c). 


Applying Heron’s Formula (Theorem 2.2.1) to the inequality above, we obtain 


A2 
4RA> 8—. 
Ss 
Lemma 2.2.2 states that A= rs. So, 
4RA => BrA. 
And finally, 
R>2r. @ 


Proof 2. [Kla67] Consider AABC as in Figure 2.3 below, with sides of length a, b, and 


c, across from vertices A, B, and C, respectively. 


Figure 2.3: AABC with inradius r 
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We again begin by applying the Arithmetic-Geometric Mean Inequality 
(Theorem 2.1.1) three times, to the pairs (x, y), (y,z), and (z, x). Then, 
x+y = 2/xy, ytz2>2,/yz, Z+x>2Vzx. 
Upon multiplying, we obtain 
(x+y)(Qytz)(z +x) = 8xyz, (2.2.6) 
with equality when AABC is equilateral. Now, from Figure 2.3, we see that 
x =2(s—b), y = 2(s—c), zZ=2(s—a). (2.2:7) 
So, if we replace x, y, and z in both sides of (2.2.6) as in (2.2.7), we get 
8(2s — b—c)(2s —c — a)(2s — a — b) = Babc = 8[8(s — b)(s —c)(s — a)]. 
Thus, 
abc = 8(s — a)(s — b)(s —c). 
Equivalently, 
abcs = 8s(s — a)(s — b)(s —c). 
Now, we apply Lemma 2.2.3 (4RA= abc) to the left-hand side and Heron’s Formula 


(Theorem 2.2.1) to the right-hand side and get that 


4RAs > 8A*. 
So, 
Rs = 2A. 
Then, by Lemma 2.2.2 (A= rs), 
Rs 2 2rs. 


Hence, 
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Our next Theorem, which relates the side lengths of a triangle to its 


circumradius, also comes from Goldner [Gol50]. 
Theorem 2.2.6. (1/a) + (1/b) + (1/c) = [3/(2R)]. 


Proof. First, note that from (2.2.1), we have R = [a/(2 sin A)]. Similarly then, 


ma: 
~ 2sinC ’ 


or, 
c=2RsinC. 
This, together with (2.2.5), gives us that that 
2RsinC > 2 (s —a)(s —b). 
Equivalently, 
2RsinC s(s —c) = 2 s(s —a)(s — b)(s — c) 
= 2A,_ by Heron’s Formula (Theorem 2.2.1) 
=absinC, 
since the area of any triangle is known to be 


ab sinC _ bc sinA e ac sinB 
ee a OS ee 


(2.2.8) 


Hence, 
2R./s(s —c) = ab. (2.2-9) 
By the Arithmetic-Geometric Mean Inequality (Theorem 2.1.1), 


s+(s—c) 


5 > V/s(s—c) (2.2.10) 


Using (2.2.9) in (2.2.10) we have 


SG 70)i..02 


2 One” 
or, 
R(2s —c) = ab. 
Thus, 
R(a+ b) = ab, 
and so, 
1 4s 1 = 1 
a b R 
Similarly, 
1 n 1 “ 1 
b oc’ R 
and 
1 ‘ 1 x 1 
ac R 
Adding these three, we obtain: 
2 i 2 4 2 a 3 
a bc R 
Hence, 
eee 
ab eo oR = 


We will continue with more inequalities regarding the triangle, with two 


theorems proven by Melville in 2004 [Mel04]. 


Theorem 2.2.7. a2 +b? +c? > 4v3A. 
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Proof: Again, we consider AABC with side lengths of a, b, and c. Our proof begins 
with some simple algebra and applying a formula for the area of a triangle: 
1 
a? + b? +c? —4V3A = 2b? + 2c? + a? — b? — cc? — 4v3 (5 bc sin A), 


2 2 


Now, since a? — b* — c? = —2bc cos A (Law of Cosines), we have 
a? +b? +c? —4V3A= 2b? + 2c? —2becosA — 43 (5 be sin A) 
= 2[b? + c? — bc(cos A + V3 sin A)]. (2.2.11) 
Using the difference identity for cosine, we have 


cos (4 = =) = cosAcos (=) +sinA sin (5). 


ae A+ a4 A 
= 5 cos 5 on ; 


Hence, 
1 
cosA+¥V3sinA = 2cos (4 _ =): 
3 
And so, (2.2.11) becomes 
1 
a2 +b? +c? —4V3A= 2 [b? +c? — 2be cos (A -=)| 
3 
> 2[b* +c? — 2bc], since —1 < cos(A— 7/3) <1 
= 2(b-c)*=0. 
Hence, a? + b* +c? — 4V3A = 0, with equality when A = 1/3 and b =, i.e. when 


AABC is equilateral. This completes our proof. 


Theorem 2.2.8. Let hy, hg, and hc denote the lengths of the altitudes drawn from A, 


B, and G respectively. Then, 
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Proof. Using simple trigonometry, we can see that h, = bsinC andhg = asinC. So, 


a: ae oe 
he ee. bh? sine C.* -a2 sin? C 


7 a? + b? 
~ @2b2 sin? C 
2 2 
z eee) (2.2.12) 
by (2.2.8). Similarly, 
1 1 b*+c? 
he Re = AA2 z (2.2.13) 
and 
1 1 c¢c?+a? 
= (2.2.14) 


he hp 4A? 


Adding (2.2.12), (2.2.13), and (2.2.14) gives us 


P 11 I \ 20ers 07) 
he ne ie 4/2 : 


which simplifies to be 


1 it i _atbite’ 
ne ne he 4A 


Finally, we apply Theorem 2.2.7 and obtain our desired result: 


t. - . Ae., WB 


a LE Le eter ea 
hi hp he A 
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Interestingly, upon combining Theorems 2.2.7 and 2.2.8 we get the following: 
(a? + b* +c?) : + s + : > 12 
hg he hey 

Our next discoveries begin with an acute triangle, AABC, as pictured in 


Figure 2.4 below. 


Figure 2.4: Acute AABC with inscribed pedal triangle, AXYZ 


Suppose we draw the altitudes from A, B, and C to the sides opposite (the 
dashed lines). Call the points of intersection of the altitudes with the side of the 
triangle points X, Y, and Z, respectively. This triangle, AXYZ, is called the pedal 
triangle. The pedal triangle of an acute triangle has a perimeter no greater than any 
of the inscribed triangles. Garfunkel used this property to prove the theorems that 


follow [Gar69]. 
Theorem 2.2.9. Suppose AABC is acute. Then, (abc)/(2R7) < s. 


Proof: Consider acute AABC and pedal AXYZ as in Figure 2.4. Let P denote the 


perimeter of AXYZ. It is known that the perimeter of the pedal triangle of an acute 
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triangle equals twice the area of the given triangle, divided by the radius of the 


circumscribed circle. Hence, 


2A 
P=— 
R 
_ 2{(abc)/(4R)] ees 
R J 
by Lemma 2.2.3. So, 
abc 
=. 2.2.16 
P= on2 ( ) 


Now, let a, b, and c be the lengths of the sides opposite A, B, and C, 
respectively. Consider inscribed AM, MM; formed by joining the midpoints of a, b, 


and c, as shown in Figure 2.5 below. 


Figure 2.5: Acute AABC with midpoints of sides joined to form AM, M,M; 


Then, M,M, =c/2,M,M;3 =a/2,and M,M, = b/2. Let P’ denote the perimeter of 


AM,M>M3. So, 
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_atbt+ec | 
= 5 = 


I 


(2.2.17) 


Now, using the fact that P < P’ (as discussed above) along with (2.2.16) and 


(2.2.17), we obtain our desired result: 


abc 
DR2 <s. 


Theorem 2.2.10. Suppose AABC is acute. Then, 
sinA+sinB+sinC < cos(A/2) + cos(B/2) + cos(C/2). 


Proof. Consider the circle with center / inscribed in AABC. Call the points of 
tangency D, E, and F (see Figure 2.6 below). Joining these points we get inscribed 


ADEF. 


Figure 2.6: Acute AABC with inscribed circle 


Now, let M be the midpoint of FD. Then, m2BMF = mZDMB = 90°. So, 


in(5) MD 
sin| =] = —— 
BD 


or, 
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B 
MD = BD «sin (5) (2.2.18) 


Also, mZIDC = mZIDB = 90° since ris a radius and D is a point of tangency. So, in 


ABID, 


or, 
B 
BD =r-cot (=). (2:2:19) 


Combining (2.2.18) and (2.2.19) we have 


MD = : B\ . (B _ B 
=rco (=) sin (5) = Tr cos (=) 
Hence, DF = 2rcos(B/2). Similarly, DE = 2r cos(C/2) and EF = 2r cos(A/2). Let 


P” denote the perimeter of ADEF. Then, 


P" =2r [cos (5) + cos (5) + cos (5)h (2.2.20) 


Now, as stated above, the perimeter of the pedal triangle is no greater than the 
perimeter of any inscribed triangle. This, together with (2.2.16) and (2.2.20) gives 


us that 


abc A B C 
< _ = — I. 2.2.21 
sas < 2r|cos (5) + cos (>) + cos(=)| ( ) 
Now, by Lemmas 2.2.2 and 2.2.3, 


abc = 4Rrs. (2.2.22) 
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Assume, without loss of generality, that AABC is inscribed in a circle with a diagonal 
of length one (since we can always shrink a triangle down, preserving angle 
measure.) That is, R = 1/2. Then, (2.2.22) reduces to 

abc = 2rs. 


And so, by (2.2.21) and the equation above, 


2rs 2a A if B ie C 
ape <2" [c0s(5) + c05(5) + os(5)]. 


giving us 


sx <[os(4) +0s(8) +0s() 


which implies 


148 clan (8)ras(6)+0s() 
480 = COS 2 COS 2 COS 2 F 


and so 


at+tbt+cs [cos (5) + cos (5) + cos =) (22:23) 


since R = 1/2. Now, itis known that (a/sin A) = (b/sin B) = (c/sinC) = 2R. 
With R = 1/2, thena = sinA, b = sinB,andc = sinC. Using this fact in (2.2.23), 


we get our desired result: 


A B C 
sinA+sinB + sinC < cos (5) + cos (=) + cos (=). | 


2.3 The Erdos-Mordell Inequality 


Our next geometric inequality was proposed by Paul Erdos in 1935 and later 


proven by L. J. Mordell in 1937 [Niv81]. 
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Theorem 2.3.1. (Erdos-Mordell Inequality) Suppose P is any point on the interior 
of AABC. Let R,,R2, and R3 be the distances from P to the vertices of the triangle and 
11,12, and rz the distances from P to the sides. Then, 

R,+R2+R3 2 2(%1 +1473), 


with equality if and only if the triangle is equilateral and P is the centroid. 


Proof. Let AABC be labeled as in Figure 2.7 below. 


Figure 2.7: AABC with an interior point P 


Now, consider quadrilateral AMPN (see Figure 2.8 below). 


Figure 2.8: AABC with quadrilateral AMPN 
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We let 2BAC = a, ZAPM = 6, and ZANM = @. Since mZANP = mZAMP = 
90°, then quadrilateral AMPN is cyclic. Therefore, we can circumscribe a circle 
around points A, M, P, and N. In this circle, angles 0 and ¢ cut off the same arc, so 
6 = ¢. Applying the Law of Sines to AAMP, we see that 


R,  _ AM 
sinZAMP sin@’ 


But, sin ZAMP = sin90° = 1 and 6 = @, so we have 


aoe 2.3.1 
+ sing’ Gey) 
Applying the Law of Sines to AANM yields 
NM __ AM oe 
sina sing’ 32) 
And so, by (2.3.1) and (2.3.2), we get 
_ NM 
+ sina’ 
which gives us 
R, sina = NM. (2.3.3) 


Since the angles in a quadrilateral must add to 360, mZNPM + mza = 180°. 
So, with the property that cos(180 — w) = — cos(w) for any w, cos Z2NPM = 
—cosa. Then, applying the Law of Cosines to ANPM, we obtain, 
NM? =r? +r? — 27273 cos Z2MPN 


=r3+ré+2rnrz cosa. (2.3.4) 
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Suppose in AABC we call ZABC and ZACB fB and y, respectively. Then 
a+P+y=180,soa=180-—(6 +7). Again, with cos(180 — w) = —cos(w), we 
then have 

cosa = cos[180 — (B + y)] = —cos(6 +) 
= —(cos B cosy — sinB siny) 
= sinf siny —cosf cosy. (2.3.5) 
So, substituting (2.3.5) in (2.3.4), 
NM? =r? +r? + 2727r3(sin B siny — cos B cosy) 
=1rf# +r? + 2rrz sin B siny — 2r,7r3cos B cos y 
= r?(sin? y + cos? y) + r?(sin? B + cos? B) 
+ 2r2r3 sin B siny — 2r,r3cos B cosy 
= rf sin? y + 2r,r3 sin B siny + r# sin? B 
+ rf cos* y —2r2r3cos B cosy + rf cos* B 
= (r, siny +173 sinB)* + (rm cosy — 73 cos B)” 
> (r, siny +13 sin B)?. 
Hence, 
NM =1rzsiny +73 sin B. 
(Note here that we can square root both sides since we know NM > 0 and 
a, P,y < 180°, sosina,sin B,siny = 0.) But, by (2.3.3) we have NM = R, sina. So, 
R, sina =r, siny +73 sin fp. 


Therefore, 
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sin sin 
R, 27, (—") +1, ( : \. 
sina sing 


Following the analogous process for Rz and R3, we also have 


Res (S*)+ (=*) 
geree sin 6 3 sin B 


and 


So, 


sin sin sin sing sin sina 
Las PY +m ( Bie ) +75 ( B ) 


a a ae (sa siny sina siny sina sinp 
For any positive number x, we know that x + (1/x) = 2. Applying this to the 
inequality above, we obtain our desired result: 

Ry, +R2+R3 2 2(% +m +73). 

Finally, suppose AABC is equilateral with a side length of 2x. Then, its height 
is xV3. Also, suppose P is the centroid. It is known that in an equilateral triangle, 
the distance from the centroid to the base of the triangle is 1/3 of the height. Hence, 
1 =% == (xv3)/3. Through simple trigonometry we also have R, = Rz = 
R3= (2xV3)/3, and so we have equality above. 


2.4 An inequality for the sides and inradius of a triangle 


In 2012, Y. Wu and Srivastava (who is known to have published over 1,000 


papers) proved the following conjecture of S. Wu [WS12]. 
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Theorem 2.4.1. Suppose AABC has sides of length a, b, and c and inradius r. Suppose 


also, without loss of generality, thatO <a<b<c. Then, 
v2 
Vazt+b?+Vb?2+c2?+Vc2+a2< 1+—>)(at+b+c) — 3¥3(2 — v2)r. 


It turns out the proof of this theorem is quite tedious. We start by establishing the 


following three Lemmas. 


Lemma 2.4.2. Let AABC have sides of length a, b, and c and semi-perimeter s. 


Suppose, without loss of generality, thatO <a <b <c. Then, 


v2 v6 [=a Ci 
pee a aa ee oa Caran 
Jb? +c? 5 6 teszy S at+2J(s—b)(s—c) 


Proof. From the Arithmetic-Geometric Mean Inequality (Theorem 2.1.1), we have 


b+c 
< 


vibe 3, 


which implies 
Abc < (b+c)* = b*? + 2be 4+ c?. 
Therefore, 


: ab te 
(=> 


Adding b?/2 and c?/2 to both sides and simplifying, we get, 
1 
5 bb + c)? < b?2+c?. 


So, 
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Cotas Era (2.4.1) 
Next, notice that 
Vb? +c? 2 +c) 
Vb? +c? + (V2/2)(b + c)| 


toaw_(2 pore WP Oro) 
2 rr ( 5 Je or 3) [Vb? + c? + (V2/2)(b +c) 
Pe ane ae Cg 
~ Vb + c2 + (V2/2)(b +0) 


 2bF he) = ie)” 
2b? +c? + V2(b +0) 


= (h=c)? 
Vb? + C2 + ¥2(b +c) 


(BG): 


“ViOnosvoso 


KB = O)* 
. 2V2(b+c) 


Hence, 


<a V2 (b—c)? 
V b*+c¢ (=) (b + Cc) < 2V2(b + 6) (2.4.2) 


Again applying the Arithmetic-Geometric Mean Inequality (Theorem 2.1.1), 
we can see that 
a=(s—b)+(s—c) =2V(s—b)G—- Cc). (2.4.3) 


So, 
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s—a 1 s—a 1 
v3 | < ¥3 : 
Ss ata S  a+2/(s—b)(s —c) 


or, equivalently, 


V3 [s—a s—a 1 
—_ < v3 | > —$§_$§——_. (2.4.4) 
2aN s S at+2V(s —b)(s—c) 
Also, notice that 
3(s — a) 1 3(b+c—a) 1 


4a2s (b+c)2 4a2(a+b+c) ~ (b +c)? 


- 8b +e —a) +c)’ —407s 
— 4a2(b+c)2(at+b +c) 


_ +c 2a)[2a? + 3a(b +c) + 3(b + c)?] 
7 4a?(b+c)*#(a+b+c) ; 


with some tedious computation. We assumed thata < b <c. So,b+c—2a20. 


Therefore, 
(b+c — 2a)[2a* + 3a(b+c)+3(b+c)?] ee 
4a*(b+c)*#(at+b+c) = 
and so, 
1 3(s — a) 
(b+c)* ~~ 4a’*s 
And then, 


1 3 s—a 
b+c” 2a Ss 


(2.4.5) 


Upon combining (2.4.4) and (2.4.5), we obtain 


1 s—a 1 
s a+2 (s—b)(s—c) 
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Notice that if we divide both sides of the above inequality by 2V2 and multiply both 
sides by (b — c)*, then 


(b—c)? 2S Sa (b—c)? 
2V2(b +c) Z S  at+2/(s—b\(s—c) 


(2.4.6) 


Thus, by (2.4.2) and (2.4.6), 


vi V6 =a =o? 
b2 aie ‘NS. soe a pean 
Jb? +2 (b+esz S a+2/(s—b)(s —c) 


Lemma 2.4.3. Again, let AABC have sides of length a, b, and c and semi-perimeter s. 


Suppose also, without loss of generality, thatO <a<b<c. Then, 


ay Sa ee ee 
c*+a2+Ja2+b2—-2 /a? + 
s a+2 (s—b)(s—c) 


Proof. Letty = vc? +a? andz = va? + b. Sincea < b <c, we then have 


= Jc? +a? <Vc2+c?2 =cv2 


and 
a PR Cen re cee 
So, 
ys cv2 
and 
z<bv2. 
Therefore, 


Gey Hy? Ply 27 
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< 2c* + 4bc + 2b? 
= 2(b +c)2. (2.4.7) 
Now, 
(yt+z)* =y?+2yz+2? 
= 2y* + 227 — (y* —2yz+2z’) 
= 207% +27) -(-2)? 


yee 
Lee pepe a oi eared, 


yrZy 
= 2(2a? + b* +c?) Yoo 


(c2 + a2 — a2 — b?)? 
(+z)? 
(b+c)*(b—c)? 
(y +z)? 


= 220° + b* 407) = 


= 2(2a* + b? +c”) — (2.4.8) 


Then (2.4.7) together with (2.4.8) gives us 


(b+ c)*(b—c)? 


2 2 2) _ 
2(2a* +b“ +c“) Ger 


b+c)*(b—c)* 
open) Oe: 


2(b +c) 
2 
= 4a? + 2b? + 2c2 C= 
b? Cc? 
_ 2 2 Ze Atel: es 
= 4a + 2b* + 2c 7 + be 5 
2 2 


= 2 2 2 bY ae 
= 4a°+b*+2bce+c Pg be+> 


7a 


(bre) 


= 4a?+(b+c)*+ (2.4.9) 


Hence, by (2.4.8) and (2.4.9), 


(b=): 


(y+z)? <4a* + (b+c)* + 7 


Next we square root and use that y = vc? + a2,z = Va? + b?. This yields 


Dae)? 
Vc*+a*+VJa?+b?< 4a? + (b+c)2 +8 ) : 


Z 


Subtracting equal values from both sides we get 


b+cy" 
Ve? hae a? pbs 2 a? + ( 5 ) 


(Dee )s 


5 —/4a2+(b+c)?. 


< /4a2+(b+c)?+ 


Now we multiply by its conjugate over its conjugate and have 


b+c\" 
Vc? +a*+Va?2+b2—-2 a? + ( 5 ) 


4a* + (b+ c)* + [(b—c)*/2] — 4a? — (b+ c)? 


: J4a2 + (b+c)2 + [(b —c)2/2] + 4a? + (b +c)? 


_ [( — ¢)*/2] 
4a? + (b +c)? + [(b — c)?/2] + (4a? + (b +c)? 
[© - 0)*/2] 


<. S—,|_. NN 
4a? + (b+ cc)? +./4a? + (b+ c)? 
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(b= <6) 
SS —————— (2.4.10) 
44a? + (b+c)? 
Next, notice 
3(s — a) 1 
8a2s 4a? + (b+c)? 

_ 3+¢-a) 1 

~ 8az(at+bt+c) 4a2+(b+c)? 

_ 3(b+c—a)[4a? + (b +c)*] —8a*(a +b +c) 

7 8a7(a+b+c)[4a2 + (b+ c)?] 

_ @+c-2a)[10a? + 30+ c)at 3(b +c)?] 

7 8a2(a+b+c)[4a2 + (b+ c)?] : 
with some tedious computation. Recall we assumed that a < b < c and so 
b+c-—2a= 0. Therefore, 

(b+ c—2a)[10a? + 3(b+c)a+ 3(b+c)?*] 
8a7(a+b+c)[4a2 + (b+ c)?] — 
Hence, 
1 3(s —a) 
4a2+(b+c)*~ 8as ’ 
which is equivalent to 
1 Z V6 [s—-a 1 

J4a2+(b+c)2 4 sa’ 

and also equivalent to 
b—c)? V6 [s—a (b-—c) 
( ) < a ) ; (2.4.11) 


4/4a2+(b+c)2 16 V s a 


Finally, by (2.4.3), 
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V6 [fs—a (b-c)’ _ v6 s—a (b—c)? 
8 s ata 8 S  a+2J/(s—b\(s—c) 
or, 
V6 [s—a (b-c)? V6 [s—a b—-c)* 
— uae —— SO (2.4.12) 
16V s e 8 S at+2V(s —b)(s—c) 
Therefore, from (2.4.10) - (2.4.12) we have 
2 
c27+a*+ a2 +b2—2 |a* + (ea) gas ae ee ; 
2 8 a+2,/(s — b)(s —c) 


our desired result. @ 


Lemma 2.4.4. Again, let AABC have sides of length a, b, and c and semi-perimeter s. 


Suppose also, without loss of generality, thatO <a<b<c. Let 
f(a,b,c) = Ja*+b?2+V¥b2+c2+c?+a? 
V2 Vs(s —a)(s — b)(s —c) 
-(14F)ta+b40) + 3v3(2- v2): yesn enn o ¢ 


Then, 


b+c 2+) 


f(a,b,c) < f(a 5 


Proof. Notice 


f(a-2* bt+ec 2*) 2 ieee es) ee ees), (ea) 


ap V2 ( poe ee) 
De ae 2 
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Js(s — a)[s — (b + c)/2][s — (b +.c)/2] 
182-12) EELOE= OF ORIG FATA 


ay v2 


= 2 = 
2 Ja? +(— +> (b+) 


-(1+¥Z)@+n+0 


n —) a —— . (2.4.13) 
S 


So, by (2.4.13) we are equivalently trying to prove 
v2 
fb? +f b? +c? +07 +0? — 1+ (a+b+c) 
s(s—a)(s—b)(s—c 
save — va) BE=OE=DE=O 


Ss 


=7 a +(-=*) +Zoro-(14+Z)@ro+0 


+ 5G) [s-o 
2 Ss 


Va? +b2+/b2 +c2 + eee 
<[-ee we) e=9 |, 2 bys —0)} (2.4.14) 


Now notice that, with some algebra, 


or, 


5 


a+2,)(s=b)(s=c)| - (b—c)? 
a+ 2,/(s — b)(s—c) at2 (s—b)(s—c) 


This, together with (2.4.14), and we are equivalently trying to prove 


Va? +b? +b? +02 + Fa? — 2 (b+0)—2 [a2 + (245) 
ee | eae .. Ger. _. (2.4.15) 
‘a@t2 (s—b)(s—c) 


Hence, if we prove (2.4.15), we have achieved our desired result. 


[a — 2V(s — b)(s— 0) | 


By Lemmas 2.4.2 and 2.4.3, 


v2 b+cy" 
vb? +c*——-(b +e) + co +a + ya +b2 —2 a? + ( =) 
3V6\ [s—a (b—c)? 
= | —— ————— 
8 s a+2,/(s — b)(s —c) 


Since (3V6/8) < [3V3(2 — V2)/2], then 


v2 bt+cy* 
VBA e a OC) ct +a? +a? +b? =2 a? + ( ) 
jee“ (2-2 ZI (gas ~-~ (ee) _ -. 
a+2 (s—b)(s—c) 
which is precisely 2.4.15). @ 


With the above lemmas established, we are now ready to prove Theorem 


2.4.1. Note first that by Lemma 2.2.2, r = (A/s) and by Heron’s formula (Theorem 
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2.2.1), A= .4/s(s — a)(s — b)(s — c), where A denotes the area of AABC. So, for 


Theorem 2.4.1, we are proving 
v2 
Va*+b2+ Vb? +c? +V¥c*% +a? — 1+ (a+b+c) 
s(s —a)(s— b)(s—c 
+3V3(2 — v2) VEST OCW OVENS ae. (2.4.16) 


The left-hand side of (2.4.16) is precisely f(a, b,c), and from Lemma 2.4.4, 
we have that f(a,b,c) < f(a, (b+ c)/2,(b+c)/2). So, if we can show that 
f(a, (b + c)/2,(b + c)/2) < 0, then we will have what we need. Therefore, by 


(2.4.13), we are now working to prove that 


76) +Zoro-(1+F)aro+0 


+ Se) (2 -—v2 “y 2 [F< (2.4.17) 


Without loss of generality, we let a = 1 and [(b + c)/2] = x. (Note that x > 1 


2 a? + ( 


sincea <b <c.) Then, (2.4.17) becomes 


ite +xB—(14%2) ca +24 PE) ae 


= 24a + VB 1-2-4 POE) — 


2 Tea 2x (144) + PPE) <0, (248) 
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Notice, 
atbt+c 
sade op abe? 2a 1 
s a+b+c — atb+ce 2x41 
2 


Applying this to (2.4.18), we see that we are now equivalently proving 


g(x) =2 Tea 2x (14) + PPE), x <0, (2.4.19) 


where x > 1. Since (2x — 1)/(2x + 1) < 1, we have that 


g(x) < 2 Tea? — ax - (147) + PE) (2.4.20) 
Now, 
2 1 +x? -2x =2(/1+x2-x) 
VIF x2 +x 
=2(Jin—»)(T 5) 
-2(— ) 
WTF xF 4x 
1 
(7) 
1 
<(e) 
= (2.4.21) 
x: 


So, (2.4.20) together with (2.4.21) gives us 


g(x) < o~ (14 3Z) +E. tone 
x 2 2 x 
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Then, g(x) < 0 when (1/x) — 0.18 < 0, or when x = 5.6. We have left to show then 
that g(x) < 0 for1 < x < 5.6. Figure 2.9 below is the graph of g(x) for1 <x < 10. 
Clearly from the graph, g(x) < 0 for these values of x as well. This completes our 


proof. 


Figure 2.9: Graph of g(x) for1 < x < 10. 


2.5 Inequalities for areas associated with conics 


It has long been known that the area of the triangle formed by three tangent 
lines to a parabola is equal to half that of the triangle formed by joining their points 
of tangency. In 1991, Day found equally beautiful results for both the ellipse and the 


hyperbola [Day91]. The area of the triangle formed by three tangent lines to an 
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ellipse is strictly greater than half that of the triangle formed by joining their points 
of tangency. The area of the triangle formed by three tangent lines to a hyperbola is 
strictly less than half that of the triangle formed by joining their points of tangency 
(provided the three points lie on the same branch of the hyperbola.) We will 
explore his proofs for the parabola and ellipse below, omitting the proof for the 
hyperbola, because it is very similar to that for the ellipse. We begin with an 


important lemma. 


Lemma 2.5.1. Let (x1, y;), (%2, yz), and (x3, y3) be any three points in the plane. The 


area of the triangle, A, formed by joining the three points is 
1 
A= > 1x1 (V2 — ¥3) + X23 — V1) + X301 — V2) 


Proof. Let P = (x1, y1),Q = (2, y2), and R = (x3, y3) be any three points in the 
plane. Also let 
PQ =U = (X%2 — X%)it 2 —y1)j + Ok, 
and 
PR =v = (x3 —xy)it (v3 — yj + OK. 
A will denote the area of APQR. It is known that A= (1/2)||u x v||, where ||w|| is 


the Euclidian norm of vector u. So, 


1 i j k 

a5 X2—-X, Ye2-y¥ O 

X3—-X, Y3-¥1 O 
—1).J2-y1 0 .|%2— xX, 0 cama a 7 ea A 
=5 Ila ¥3-V of - vif —xX, 0 + Ulex, =H 
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= aa cde 
2 1X%3 —X1 V3 7 V1 


x4 ¥1 1 
X2—X, Y2—-V1 Of. 
X3—X, ¥3-W O 


We can add and subtract rows in any matrix without changing the value of the 
determinant. So, we add row 1 to row 2, replacing row 2 by the result. Similarly, we 


add row 1 to row 3, replacing row 3 by the result. Hence, 


4|*1 1 
A= 2 X2 Y2 141, 
X3 y3 1 


Finally, switching rows and columns does not change the value of the determinant 


either. Therefore, 


q4|\*1 *2 %3 1 
A= |=|¥1 Y2 Yai} = 5 Oe — y3) + X2(¥3 — 1) +: %301 — Ya), 
1 1 1 


as desired. mf 


Theorem 2.5.2. The area of the triangle formed by three tangent lines to a parabola 


is equal to half that of the triangle formed by joining their points of tangency. 


Proof. Let (x1, V1), (%2, yz), and (x3, y3) be three points on the parabola with 
equation y? = 4ax, where a > 0. Let the area of the triangle formed by joining 


these three points be equal to A. By Lemma 2.5.1, 


1 
A= 5102 — y3) + X2(¥3 — 1) + X%301 — ya) I 
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Ally V3 3 
=5 TRAE — y3) +70 — y1) ar — Y2)}- 


Straightforward manipulation leads to 


1 
A= Bq — y2)(V2 — ¥3) 3 — Vi) I- (2.5.1) 


Next we will find the equations of the tangent lines to the parabola at the 
points (x1, y,), (x2, 2), and (x3, y3). Again, for the parabola, y? = 4ax. Then, 


y'(x1) = 2a/y,, and so we have 


cas ) 
—y, =—(x-x,), 
Y—-y1 v1 1 


or 
yy, —y? = 2ax — 2axy. 
Then, 
Vy, — 4ax, = 2ax — 2ax, 
and so 
2a(x + x1) 
~ V1 


The same process is followed to get the equations of the tangent lines at (x2, yz) and 
(x3, y3). Hence, the equations of our three tangent lines are the following: 


2a(x + x1) 2a(x + x2) 2a(x + x3) 
= ———___, = y SS eS 


¥1 ¥2 ¥3 


And with some simple algebra, we find their three points of intersection to be 


en V1 72) (2 y2 =) en ¥3 a) 
4a’ 2 "\4a" 2 "\4a’ 2 : 
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Let A’ be the area of the triangle formed by the points of intersection of the tangent 
lines. Then by Lemma 2.5.2, 


Ee 
2 


2 2 


Vi¥2 (2 tY¥3. Yat 1) Y2¥3 & tee <i oe 72) 
4a 2 2 


4a 


Y3¥1 (2 ey 2 ase 72) 
4a 2 2 


1 
= Teg vive — V1) + Y2¥3(¥3 — V2) + ¥3¥1O1 — V3) I 


= M1 - 22-03 — 0) 
mek 
ae 
by (2.5.1). Therefore, the area of the triangle formed by three tangent lines to a 
parabola is equal to half that of the triangle formed by joining their points of 


tangency. & 


Before we begin our proof for the ellipse, we prove the following lemma. 
Lemma 2.5.3. Let a, B, andy be any real numbers. Then 
1 1 
(cos* a cos? B cos’ y)3 + (sin? asin? B sin? y)3 < 1. 


Proof: Suppose a, b, c, d, e, fare any nonnegative real numbers. Observe that upon 


multiplication, 


3 


1 1 1 1 
[(abeys + (def)3} = (abc) + 3(a*b*c*def)3 + 3(abcd*e"f*)3 + (def). 
But, by the Arithmetic-Geometric Mean Inequality (Theorem 2.1.1), 


1, 
3(a*b*c7def)3 < abf + bcd + ace 
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and 


1 
3(abcd*e* f*)3 < aef + bdf + cde. 


Hence, 


3 


[(abc)3 + (def)3 < (abc) + (abf + bcd + ace ) + (aef + bdf + cde) + (def) 


=(a+d)(b+e)(c+f). 


Therefore, 


a 1 1 a] 1 
(abc)3 + (def)3 < (a+ d)3(b+ e)3(c + f)3. (2.5.2) 
Now, let a, 8, and y be real numbers so that 
a=cos*a, b=cos’f, c = cos’ y, 
d=sin*a, e=sin’B, f =sin’y. 
Then, by (2.5.2), 
1 L 
(cos? a cos? B cos* y)3 + (sin? a sin? B sin? y)3 
1 1 1 
< (cos* a + sin? a)3(cos? B + sin? B)3 (cos? y + sin? y)3 
=1. og 
Note the following well-known trigonometric identities, which will be used in 


our proof of Theorem 2.5.4. 


0 0 
j = in{— —], 2.5.3 
sin@ = 2sin (5) cos (5) ( ) 


sin(@ + d) =sin@ cos¢ + sin gcos 6. (2.5.4) 
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sin@ + sing = 2sin (" = *) cos (= i *) ; (2.5.5) 
cos@+cos¢ = 2sin (" = °) sin (2 : *) (2.5.6) 


Theorem 2.5.4. The area of the triangle formed by three tangent lines to an ellipse is 


strictly greater than half that of the triangle formed by joining their points of 


tangency. 


Proof. For this proof, we will use the parametric equations for the ellipse. We let 
(acost,,bsint,),(acos tz, b sint,), and (acos t3, b sint3) be three points on the 
ellipse, with a,b > 0. We also let A denote the area of the triangle formed by joining 


these three points. Then, by Lemma 2.5.1, 
1 ; , 
A= 3 ab|cos t,(sin t, — sint3) + cos t2(sin tz — sint,) 
+ cos t3(sint, — sin t2)| 
1 , , 
=5 ab|(cos t; sint, — cos tz sint,) + (cos tz sin tz — cos tz sin tz) 
+ cos tz sint, —cost, sin ts| 
reese .; , 
= 3 ab|sin(t — t,) +sin(t3 — t,) + sin(t, — t3)|, by (2.5.4) 
ee 
= 5 ab|sin(y — tz) +sin(t, — tz) + sin(t3 — t, )| 


eer: 
=54 


, by (2.5.3) 


_ (tr — b2 t, — C2 , 
2sin ( 5 ) cos ( 5 ) + sin(tz — tz) + sin(t3 — t, ) 


{a7 =) (+ = =) é = =) é + fy — “) 
2sin ( 5 cos 5 + 2sin 5 cos 9 


1 
=-ab 


, by (2.5.5) 
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. {fa —te t; — ty _ {41 — be t, +t, — 2t3 
wn 53) nf) on O52 
. t, — te t, — te t, +t, — 2ts | 
sin( 2 [eos 2 cos ( 2 
7 _ (ti — te |- (3 =) (2 | 
= ab sin ( 5 ) 2 sin 5 sin 5 , by (2.5.6) 
é = =) ; é = =) é = =) 
sin 5 sin 5 sin 5 : 


Next we will find the equations of the tangent lines to the ellipse at the points 


bee (2.5.7) 


(acost,,bsint,), (acostz,bsint,),and (acos t3,b sint3). First consider the 


equation of the ellipse: 


x2? 

ae + he = 1 
Differentiating, we have 

dy . bx 

dx ay 


and then the equation of the tangent line at (x, y,) takes the form 


bx 
LY > Vi-= ~ ay, (x — x,). 
Therefore, 
Wr Vi XP xX 
b2 b2 az a2’ 
and so, 


2 2 
XX, V1 XO 


ge ee ge ge 


With (x,y) = (acos t,,b sin t,), the above equation becomes 
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xcost sint 
a b 


The same process is followed to get the equations of the lines tangent to the ellipse 
at the other two points. Hence, the equations of our tangent lines are the following: 


xcost sint xcost sint xcost sint 
esta cael ie Ri aches ee Acar ae cree cae 
a b a b a b 


To simplify our algebra for finding the points of intersection of the lines 
above, let cos t; = c; and sint; = s;. We also let cos(t; _ t;) = cj and sin(t; - t;) = 
sj; Upon applying this notation, we have the following for the equations of our 


three tangent lines: 


TY A (2.5.8) 
a b 

ED OZ 29: (2.5.9) 
a b 

ab ea ee p (2.5.10) 
a 


We can now much more clearly find the points of intersection. We start by 


subtracting c, times equation (2.5.9) from cz times equation (2.5.8). We obtain 


Y C281  Y &1S2 
b b 


= C2 — C4. 


So, 
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Next, we subtract s, times equation (2.5.9) from sz times equation (2.5.8). This 


gives us 
XC14S2  X C281 
— =S,-S 
5 5 27 S41 
So, 
= a(sy — S2) 
C251 — C182 
a(s; — S2) 
= by (2.5.4). 
S12 


The same process is applied to get the other two points. Hence, our three points of 


intersection are the following: 


fon —S2) —b(cy - <2) (= — $3) —b(c, - 2) (= — $1) —b(c3 —- “2) 


J 


$31 $31 


J 


S42 S42 


J 


S23 S23 
Let A’ denote the area of the triangle formed by the three points of 


intersection. Then, by Lemma 2.5.1, 


a(sy — Sz) (— — C3) dis b(c3 — ) 


$23 $31 


1 


A'= 
2 


S42 


fe a(S2 — $3) jp = C7) 1 b(cy — <2) 


$23 S31 S42 


is a(s3 — $1) (—S — C2) 1 b(cz — ) 


$31 S42 $23 


_ ab 


= —S31 (Sy — Sz) (C2 — €3) + S23(S1 — S2)(C3 — Cx) 
2 


$42523531 


di —S42(S2 — $3) (C3 — C1) + S31 (S2 — 53) (C1 — C2) 


$42523531 


4 —S93(S3 — $1) (Cy — C2) + $42 (S3 — $1) (C2 — C3) 
$42523531 
2 ab Sy2[(S3 — $1) (C2 — €3) — (S2 — $3) (C3 — €y)] 
2 $42523531 
i S931 (S1 — S2)(C3 — €1) — (83 — $1) (C1 — €2)] 


$42523531 


, Saills2 — $3) (Cy — C2) — (Sy — $2) (C2 — €3)] 


$42523531 


= ab Sy2[(C253 — C352) + (C351 — C153) + (C182 — €254)] 
2 $12523531 


i $23[(C2S3 — C352) + (C351 — C1S3) + (C152 — C251)] 


$42523531 
a $31[ (C283 — C382) + (C351 — C183) + (C152 — C251)] 
$42523531 
ee ab S12 (Sai + $32 + $13) 4 $23(So1 + $32 + $13) 
2 $42523531 $42523531 
S31(S21 + S32 + S13) 
4 531821 32 13 , by (2.5.4) 
$42523531 
a ab (Sy2 + $23 + $31) (S21 + $32 + $13) 
2 $42523531 
oa ab (S32 + $23 + $31)(—S12 — $23 — $31) 
2 $42523531 


= ab|sy2 + S23 + S31|? 


2|842523531| 


ab|sin(t, — tz) + sin(t, — tz) + sin(ts — t,)|? 
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7 ab |2sin (4 5 “2) cos (4 5 “2) + sin(t, — t3) + sin(t3 — | 


2|sin(t, — tz) sin(tz — t3) sin(t3 — t,)| , by (2.5.3) 


ab |2sin (> 2) cos (2 >) + 2sin (42) cos ty + t, — 2tg ' 
ab |psin (yt) ees g 4) # Zain eos) 


= 2ab [sin (4 - “2) [cos (5%) + cos (t= 26s)" 


|sin(t, aa tz) sin(tz = t3) sin(t3 = t1)| 


2ab [sin (4 5 “2) [2 sin (4 5 ‘3) sin (252) I 


Bab {sin (25%) sin (25%) sin(@>)| 


, by (2.5.5) 


, by (2.5.6) 


2 2 
|sin(t, f° tz) sin(t, 7 tz) sin(ts a t1)| 


To simplify the next few steps, we now leta = t, — tz, 6 = tz —t3,and 


y = t, —t,. Then, 


8ab 


" sin (5) sin (5) sin @)) 


lsina sin B siny| 


by (2.5.3) 


= ab|tan (5) tan (5) tan (2) 


Therefore, 
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t, -—¢t t,-—t tz —t 
A’ =ab jtan( = 2) tan (a- *) tan (4 *) . (25-14) 
2 2 2 
Hence, by (2.5.7) and (2.5.11), 
A cos (3 = “2 ee (" 7 *) a (4 = *) (2.5.12) 
oN 2 2 2 fl 
Notice also that by (2.5.7) we have 
Bi ee (3 = 2) in (" z *) sin (" = “) (2.5.13) 
2ab 2 2 2 IV 


So, by Lemma 2.5.3 together with (2.5.12) and (2.5.13), we have 


A 2/3 A 2/3 
_—~ anes < 1. 
(=) bs (sa) at 
With A, A’ > 0, we then have (A/2A’)2/3 < 1 and (A/2ab)?/3 < 1. So, A/2A' < 1, 
and therefore, A’ > A/2,as desired. 


The process of proving the corresponding result for the hyperbola is very 


similar to that of the ellipse and so is left to the reader. 
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CHAPTER 3 


COMPLEX AND MATRIX INEQUALITIES 


Our final chapter will focus on complex and matrix inequalities. This will 
include inequalities arising from univalent functions and the study of the very 
famous Bieberbach Conjecture, as well as one of Jacques Hadamard’s matrix 
inequalities involving determinants. We include these inequalities here because 
they are interesting and give excellent examples of the applications of inequalities in 
advanced Mathematics. For the study of univalent functions, there are several 
references, but we include Duren [Dur83] and Nehari [Neh52]. Also, the notes of 
Professor K. T. Hahn are helpful. For matrix inequalities two excellent references 


are Marcus and Minc [MM64] and Graham [Gra87]. 


3.1 A brief history of the Bieberbach Conjecture 


In an article in The American Mathematical Monthly, J. Korevaar outlines the 
history of the Bieberbach Conjecture [Kor86]. It began around 1900 when Hilbert 
and Osgood reproved Riemann’s Conformal Mapping Theorem. A mapping 
w = f(z) is conformal in a domain D if it is analytic (differentiable in D) and the 
derivative of f(z) is never zero in D. It is well known that univalent (one to one) 


functions that are analytic in a domain D must be conformal in D. Riemann’s 
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Theorem states that if U is a simply connected domain in the complex plane C (not 
equal to C), then there is a conformal mapping from the unit disk D: {|z| < 1} onto U. 
Around 1910, conformal mapping became a popular topic for German 

mathematicians. Some of their study focused on functions fthat are not only 
analytic and univalent (or “schlicht”) in the unit disk D, but also have the properties 
that f(0) = 0 and f’(0) = 1. We let S denote this specific class of functions. Then, 
every fin S has a power series of the form 

f(z) =Z+a2z*7 +a3z2- 4°. 
Paul Koebe is famous for studying a specific function in S. This function, which is 


properly named the Koebe function, is defined to be k(z) = z/(1 — z)?. Notice 


1 
——=14+2+4+274+274+-- 
1-z 


and so, 


2 


1 
(—) =1+27+377 +4774... 
1-z 


Therefore, 


k(z) = 5 = 24227 +329 +424 ++ 


Z 
Gaz)" 
It is not difficult to show that k(z) isin Sanda, =n forall n. 

In 1916, another German mathematician, Ludwig Bieberbach, proved that for 
every fin S, |a2| < 2. Asa footnote, he proposed that perhaps for every fin Sand 


every n, |a,| <n. This became known as the famous Bieberbach Conjecture, and 


was not proven for sixty-eight years. However, before the proof of the conjecture, 
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there were many milestones reached. In 1923, C. Lowner proved that |a3| < 3 for 
every fin S. Between 1955 and 1972, many arduous proofs were developed for the 
cases when n = 4,5, and 6. In 1925, J. Littlewood found that as n approaches 
infinity, |a,,| < en. FitzGerald improved upon this in 1972, and his student 
Horowitz somewhat bettered it in 1978. They found that |a,,| < 1.07n. Finally, in 
1984, Louis de Branges of Purdue University successfully proved the Bieberbach 
Conjecture, in addition to even stronger results about the class S. Now the 


conjecture is known as the Bieberbach - de Branges Theorem. 


3.2. Univalent functions 


We will now explore some monumental results in the study of univalent 
functions and the quest toward a proof of the Bieberbach Conjecture. First will be 
the Area Theorem, whose discovery we owe to the Swedish mathematician T. 
Gronwall, in 1914. For this theorem, we are concerned with functions g that are 
univalent and analytic in the unit disk D except for a simple pole at the origin. We 
call this class of functions 2’. Then, every g € & has the following Laurent series 


expansion: 
1 
g(z) = ao bo +byz+ boz* +-- 
We will establish the following lemma before proving the Area Theorem. 


Lemma 3.2.1. Suppose C is a positively oriented any simple closed contour, P is the 
region bounded by the contour, and Ap is the area of that region. Suppose also that 


zZ =x + iy is any point in the z-plane. Then, 
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Ap Zdz. 


Proof. Green’s Theorem states that if Cis a positively oriented, piecewise smooth, 
simple closed contour in the plane, P is the region bounded by C, and L and M are 


functions of x and y with continuous partial derivatives, then 


$ (Ldx + Mdy) = LG (= — =) ) dxay, (3.2.1) 


So, for any complex number z = x + iy, 


1 


1 
a : de => (x — ty)(dx + idy) 


1 
= = [(xdx + ydy) + i(xdy — ydx)| 
C 
1 1 
— = (xdx + ydy) + =f (xdy — ydx) 
2i Je 2. 


1 1 
= mall (0 — 0)dxdy + Al (1 + 1)dxdy , by (3.2.1) 
2i JJ p 2 IJ p 


1 zaxa 


=A, 
where we used a known result from Calculus. This completes our proof. 
We are now ready to prove our first main result, the Area Theorem, which 


appears in Duren [Dur83] as well as the notes of Professor K.T. Hahn. 
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Theorem 3.2.2. (The Area Theorem) Let g € 2. Then, 


(oe) 


> n|b,|2 <1. 


n=1 


Proof. Let g € X. Theng has the form 


1 
g(z) = aa bo + byz + bgz* ++ 


=5 ae mZ + 


where z € D. Then, w = g(z) will map D onto the exterior of some domain, with 
g(0) = © (because g has a simple pole at z = 0). We now consider D,., where 

D, = {z:|z| <r < 1}. Call A, the area of the image domain of D; under w = g(z) 
and y,. the image of the boundary of D,.. Then, by Lemma 3.2.1 applied in the w- 


plane, we have 


1 27@__ 
=--3] g(z)-g'(Z)dz, 


since w = g(z). Also, because of the 1/z term in g(Z), y; is in the clockwise 
direction and hence negatively oriented. Therefore, to make the area A,. positive, 


we multiply by -1 (see Sansone and Gerretsen [SG69]). Now, with 


1 co 
g(z) =—+ baz”, 
Z m=0 


we have 


and 


n=0 
Letting z = re’? gives us 
g(re’®) = at > bere 
m=0 
’ 6) — _ —1,,i(m-1)0 
g(re’)= sue + >, mb (lames Deas is as 
m=1 
and 
el 
g(re'?) = — + » bate in 
a=. 
Therefore, 
rs 
Ap=-=| g@)-9'@dz 
0 


oe < ———re . . 
-=| g(re"”) -g' (re )ire’’ de 
0 


(oe) 


oes + bs MD »r™ 1eim-18 


II 
| 
NN] PR 
oS 
N 
] 
fo 
+|% 
S 
+ 
Ms 
>| 
a 
3 
fas) 
a. 
3 
D> 
Soe 
| 
= 
N 
m 
N 
S 


1 27 (e! a 1 — 
= -;| oni >, bres ee eT: + > mb,,r™eim 
0 


Je 
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Jere ao 


1"( 1 o< . a . 
_— -;| ot > mb 7 ets —. ». bre te here 
0 


m=1 n=0 
+ >. >»: murmreio-n dé. 
n=0m=1 
Since 
2 Dice 
" iG-16 fos 0,ifj#k 
5 2n,ifj =k’ 
then 
21 oo 
| > mb par™-teilm+1)9 dg = 0 
0 m=1 
and 
21 a 
| >, Bart terlemtnedg = 
0 n=0 
Also 


Qn (oe) co 
| > > MDp bart re iim 6 dg = 0, 
0 = 


n=0 m=1 


except when m = n. These, together with (3.2.2.) gives us 


1 1 : 2,2n 
A, =—5 -—(2n) +) nba 72 (271) 
n=1 
1 co 
= (a-> nr?) 
n=1 


Therefore, 
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(32.2) 
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1 co 
a2. = 3 nibs Pr 
n=1 


where 0 < r < 1. Then, if we take the limit as rapproaches 1, we have our desired 
result: 


12 >, Mbn I. a 


n=1 
As mentioned above, in 1916 L. Bieberbach proved that |a,| < 2. We shall 


prove his result below, after first establishing the following lemma [Dur83]. 


Lemma 3.2.3. Suppose f(z) € S. Then, 
laz —a3| <1. 


Equality holds for the Koebe function. 


Proof. Suppose f(z) € S. Then, fcan be written as 
f(2) = 24+ 4927 +4322 ++". 
So, 


a 1 
f(z) z+apz%7 +0323 4°" 


aa (a3 —a3)z—-*, 


by simple long division. Therefore, 1/f(z) is an element of Y and we can apply the 
Area Theorem (Theorem 3.2.2). By this theorem we have, forn = 1, 

|b] <1, 
where b, denotes the coefficient of z. Therefore, 


laz —a3| <1. 
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Finally, in the Koebe function, notice that 
las —a;|=|27-3|)=1. 
Theorem 3.2.4. (Bieberbach’s Theorem) Suppose f(z) € S. Then, 
laz| < 2, 
where equality holds for the Koebe function. 
Proof. Suppose f(z) € S. Again, fcan be written 
f(z) =Z+4+ apz* +0327 +... 
Consider h(z) = ,/ f(z). Note that since h(z) is a composition of analytic functions, 


it is also analytic in the unit disk. To see that h(z) is univalent, we will first show 


that it is an odd function. Notice that 
h(z) = fz? +a 9z* +a3z6+-- 
(PO Fa Fatt) 
za 1 + az? + a3z4 4°". (3.2.3) 


Now, the binomial theorem for n not an integer states 


n(n-1 n(n—1)(n—-2 
(tata ttn MAD 2 MO ys 


ASS: 


This, together with (3.2.3) yields 


3G-1 


T (ayz* +a3z* +---)* 


1 
h(z) =z|1+ 5 (422° + a3z* ++) 


2(3-1)(3-2) 


+24 (gaz* +agzt te Bae 


1 1 
=—2 E + 5 (anz" + a3z4* +--+) —- g (422° + a3z*+---)? 


1 
+ 7 (a2z" + a3z* ++)? — | 
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(3.2.4) 


From the result above we see that h(z) is odd. With this, we can show that h(z) is 


univalent. Suppose h(z,) = h(z2). Then 


f(z) = (22). 


So, 


Since f is in S, fis univalent. Therefore, 


Lo 
which implies 

Z4 = —Z2 
or 

Z4 = 22. 
Suppose Zz, = —Z. Then 


h(Z,) = h(—22). 
From (3.2.4), his an odd function. So, 


A(—Z2) = —h(z). 
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But, we assumed h(z,) = h(z2). Therefore, 
—h(Z2) = h(Z2), 
which implies that h(z) = 0 for every zin D. This is not the case. Hence, z, # —Zz, 
leaving us with z, = Zz. So, h(z) is one-to-one. 
Notice also that h(0) = 0 and h'(0) = 1. This, along with h(z) being analytic 
and univalent in the unit disk, tells us that h is in S. Therefore, we can apply Lemma 


3.2.3 and get 
Az 
Pena 
|) 5 | 1: 
Hence, 


|a2| < 2, 


as desired. @ 


For an application of Bieberbach’s Theorem that |a,| < 2, we look at Koebe’s 


One-Quarter Theorem, which he discovered in as early as 1907 [Dur83]. 


Theorem 3.2.5. (Koebe One-Quarter Theorem) For every function fin S and unit 


disk D, the images f (D) contain the disk Dy, = {w: |w| < 1/4}, and this result is sharp. 


Proof. Suppose f € S with wo not in the image of w = f(z). Let 


tye IO 
oe AC) fae 


- 6a 


=r +2 [2 [2 vo 


Wo Wo Wo 
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by the infinite geometric sum formula. Since f € S, it has the form 


Z)=ZtH+Qoz*7 +Qaz7=t+e. 
2 3 


Z+agz7 ++ Z+ Azz? ++-\ 
1+ |—_—*__ } + [—_—>—__] + -.. 
Wo Wo 


if 
=z+t+ (—+a,)27 +o, 
Wo 


So, 


g(z) = [z+ajz*+--] 


and we can see that g is analytic in the unit disk since it is differentiable in the entire 
domain D. It is easy to show that g is also univalent, g(0) = 0, and g'(0) = 1. So, 
g © S,and we can apply Bieberbach’s Theorem (Theorem 3.2.4). This, together with 


the Triangle Inequality gives 


1 1 
|| - Jarl s |—+ a, < 2. 
Wo Wo 


Therefore, 
ae 2 < 2 + laz|, 
Wo 
and so, 
lag Bo 
Wo| >. 
one 


Since we defined wy to be any point not in the image w = f(z), then for all f in S, the 
image of f contains an open disk, |w| << 1/4. m 
The following theorem proves the Bieberbach Conjecture for real coefficients 


[Neh52]. 


Theorem 3.2.6. If the coefficients a, of a function f € S are real, then 


lanl <n, 


where again, equality holds with the Koebe function. 


Proof. Suppose f € S. Then, fis univalent in the unit disk. So, 
f (a1) — F(Z) # 0 


for distinct points z, and z,. Consider z, = re’? and z, = re~’. Then, 


f(4.) -— f(@2) = (4 + AzZt 7 AsZi eee) (Zee A2z5 2 A3Z3 ae 


= (Z — Zz) + a2 (zz — 23) +. a3(zz — 237) + 
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(3.2.5) 


- r(e® 7 e~i8) fa ayr?(e2!® = e~2i8) 4 a,r3(e3!® is e318) aoe 


by (3.2.5). Therefore, 


> a,r” sin(n@) + 0. 


n=1 


Since sin@ # 0 for 0 < 6 < m1, we can also say 


p(d) = ». a,r” sin(n@) sind # 0 
n=1 


for 0 < 6 < 1m. Because the coefficients a, are real, so is p(@). Also, p(@) is 


continuous. These facts, together with p(@) # 0, imply that 


p(@) <0 or p(@)>0 
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for 0 < 6 <7. In addition, since -sin@ = sin(—6@), we have p(@) = p(—@). So, 
p(@) is an even function, which means 

p(@) <0 or p(@)=0 (3.2.6) 
for0 <@ < 2n. 


Now, using the following well-known identity, 


sin Asin B = —[cos(A — B) — cos(A + B)], 


NI] Re 


we obtain 


1 (oe) 
n(@) = 5). a,r™{cos[(n — 1)6] — cos[(n + 1)6]} 


n=1 
1 (oe) (oe) 
=> ys a,r” cos[(n — 1)6] -> a,r” cos[(n + al 
n=1 n=1 


(oe) 


|: ar + apr*cos6 + oF a,r” cos[(n — 1)@] — » a,r” cos[(n + val 


r 
=5)4 1+ or cos@ + anr™ 1 cos[(n — 1)6] — ». anr™ * cos[(n + vel 


Let m = n — 1 in the first sum above and m = n+ 1 in the second. Then, 


r 
p(@) = 3 a, + azrcosé + >». Am+ir™ cos(mé) — > Am-1r"™ * cos(mé) | 
m=2 m=2 
r Am-1 
=o 1+ a,rcos@ + ». (Gms = T) r™ cos(mé) | (3.2.7) 
m=2 


(With f € S, we know that a, = 1.) So, since f cos dO = sin @ and sin@ = 


sin(27) = 0, 
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| (a0 = 5 (2m) a (3.2.8) 


Therefore, f," p(6)de > 0 for 0 < @ < 2m. Since the integral is nonnegative and we 
know, by (3.2.6), that p(@) => 0 or p(@) < 0, this implies p(@) = 0. And so, since 


1 + cos(n@) is also nonnegative, 


0< [ron + cos(n@)|dé@ 


21 


[rae aE | p(@) - cos(nd) do 


0 


21 
=r st | p(@)-cos(n@)d@, by (3.2.8) 
0 


r 21 
=nrer{ [1 + agr cos@ 
2Jo 


Am 
+ ». (Gina 7 =) r™ cost) cos(n@)d6@, _ by (3.2.7) 


oe - 21 
+ (Gud — ) r cos(m@) cos(n@)dé |. (3.2.9) 
0 
The orthogonality of the cosine function on the interval [0,27) gives us 
oe Oifm#n 
i cos(m@) cos(n@) dé = oe fe ease 


This, together with (3.2.9), yields 
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for n => 2 (since the sum in (3.2.9) began at 2). So, 


™ An-1 
nr +=(a = ja > 0, 
2 Nt+1 r2 
and 
An-1 
2+ (nui -—p*) r” B 0 
r 
Therefore, 
=2-1) n| 
a — < 2, 
( N+1 r2 
or, 


Jensa = ee 
for n = 2. Because the above is true for 0 < r < 1, we take the limit as r approaches 
1. Then, 

lang — An_1| S 2. 
So, by the Triangle Inequality [Bul98], 

llane1 a lan-1l| S |Qnyi — Ay-1| S 2, 

and therefore 

lQntal — [apa] S 2. (3.2.10) 

Finally, we will use induction along with (3.2.10) to obtain |a,,| < n for all 

real values of n. Suppose first that n is odd. 
Base Step: Consider n = 1. It is known that |a,| = 1. 
Induction Step: Letn = 2k + 1 for positive integer k. Suppose that our inequality 


holds for these odd values of n. That is, |a2,4,| < 2k +1. Well, by (3.2.10), 
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lazx+31— l@2xail S 2. 
Therefore, 
ldoxe3l S lQapgi] +2 S$ (2k +1) +2 = 2k +3, 
by our induction hypothesis. This proves |a,| <n for n odd. Now, suppose that n is 
even. 
Base Step: Consider n = 2. Well, |a2| < 2 by Bieberbach’s Theorem, Theorem 3.2.4. 
Induction Step: Let n = 2k for positive integer k. Suppose that our inequality holds 
for these even values of n. That is, |a2,| < 2k. But, by (3.2.10), 
ldzx+21 — la2x| S 2. 
Therefore, 
ldzx+2l S la2x] +2 S$ (2k) +2, 
by our induction hypothesis. This proves |a,,| < n for n even. Hence, for all real 


values of n,|a,| <n. @ 
3.3 Hadamard’s Inequality for real matrices 


Now we will move our discussion to matrices. The focus of this section and 
the following is a famous matrix inequality that was discovered by French 
mathematician Jacques Hadamard. His inequality, from 1893 [Had93], states that 
for any n X n square matrix A = [ai;|, 


n n 
|det A|? < | (> ul") 
i=1 


j=1 
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In this section, we will prove Hadamard’s Inequality for the special case of A being a 


real matrix. We first establish the following definitions and lemmas [Ax197]. 


Definition 3.3.1. A set (V4, ...,V,) of vectors in a vector space V is linearly 
independent if a, V4 + +++ QnVy = 0 for aj,...,d, € Cimplies ay =: =a, = 0. 


Otherwise, the set is linearly dependent. 


Definition 3.3.2. The set of all linear combinations of (1, ...,V,) is called the span 


of (¥4,..., Vy). That is, span(v4, ..., Vy) = {4,04 + + AnVy! Ay, .-,An E Ch. 
Definition 3.3.3. A basis of a vector space Vis a linearly independent spanning set. 


Definition 3.3.4. The norm of a vector v is defined to be the measure of its size or 


length. We will denote the norm of vector v by ||v|l. 


Definition 3.3.5. The Euclidean norm of a vector v in C” is defined to be 


|||? = ©, |v;|2, where v = (v, v2... Vp). 


Definition 3.3.6. The inner product of two vectors u = (u, ...u,) and 

V = (1 ... Vy) is denoted (u, v). For our purposes, we will define the inner product 
as (u,v) = uv* = u,0, + -*+ + Un Vy (where v* is the conjugate transpose of v.) 
Also, note that ||2||? = (u, 1). 

Definition 3.3.7. Two vectors u and v are orthogonal if and only if (u,v) = 0. 
Definition 3.3.8. A set of vectors is called orthonormal if the vectors are pairwise 


orthogonal and each vector has a norm equal to one. In other words, a set 
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(€4,...,€,) of vectors is orthonormal if (e;, e;) = 0 fori # j and (e;, e;) =1fori=j 
(where i, j = 1,...,7). 


Definition 3.3.9. An orthonormal basis of a vector space V is an orthonormal list of 


vectors that is also a basis (linearly independent spanning set) for V. 


Lemma 3.3.10. Suppose (€3, ...,@n) is an orthonormal basis of a vector space V. 
Then for every v € V, 
Vv = (V,e1)ey + °° + (UV, en )en.- 
Proof. Because (€3, ..., €n) is a basis for V, for every v € V, there exist scalars 
Q4,++,A, © C such that 
V=A,0y t+ + Aneg. (3.3.1) 
Taking the inner product of both sides with e; (where 1 < j < n), we have 


(v, ej) = (aey + ++ + nen, ej) 


(a,e4, e;) tao (aje;, e;) 1 a (An€n e;) 


(1, €;) + > + aj(ej, €;) +o + An (en, €)), 
by additivity and homogeneity of the inner product. Because (€4,..., €,) is 
orthonormal, we have (e;, e;) = 0 fori # j and (e;, e;) = 1 for i = j (where 
i,j =1,...,n). So, 

(v,e;) = a,(0) +++ + aj(1) +--+ a, (0) = gj. 
This, together with (3.3.1) gives us 


v = (v,e1)ey +: +(V,e,)en- 
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Lemma 3.3.11. Suppose (€3, ...,@,) is an orthonormal basis of a vector space V. Then 
foreveryv EV, 


Ilvll? = Iv, eg)? ++ + [(v, en) I? 


Proof. Letv € V. Then, by Lemma 3.3.10, 
V = a,0y +7 + Anen, 
where a, = (v,e,) fork = 1,...,n. So, 
Ilv ||? = (v, v) 
= (0,04 +2 + Ane, Ae, + °° + Aen) 
= (104, 4101) + (104, @2€2) + + + (1104, Ann) 


+ 


+ (Qn€n ae) 7c (nen a2€2) Deg (Qn€n G,€n) 
= a1, (e4, €1) 5 abe & a1, (e4, en) 


+ 


+ An Ay (Cn, €1) 5 ea An Bln, €,); 
again by additivity and homogeneity of the inner product. And, because (@},..., en) 
are orthonormal, we get 


Ilvll? = aay +0 + nO yr 


Jay? + + lanl? 


= l(v, e,)|* Bias l(v, en) |. i= 
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Lemma 3.3.12. (Gram-Schmidt) /f (14, ...,v,) is a linearly independent set of 
vectors in V, then there exists an orthonormal set of vectors (€4, ...,@n) in V such that 
span{v4, ..., Vm} = span{ey, ..., em}, 


for eachm = 1,2,...,n. 
Proof: See Axler [Ax197]. 


We are now ready to prove our first Theorem - Hadamard’s Inequality for 
real matrices. We will provide two proofs. The first uses properties of Linear 


Algebra [Had] and the second is a geometric approach [Bel43]. 


Theorem 3.3.13. (Hadamard’s Inequality for real matrices) Let A = [a;;| be any 
n X n matrix with real entries. Then, 
n n 
«eta? s |] (Ye) 
j=1 \i=1 
Proof 1. Suppose (Qj, ..., @,) is a set of column vectors in R” with A = (a, @2 ... An) 
the corresponding n X n real matrix. If the set were linearly dependent, then det A 
would equal zero, and the above inequality is trivial. Suppose then, the columns of A 
are linearly independent. Then, by Gram-Schmidt (Lemma 3.3.12), an orthonormal 
basis (€4,...,@,) for R” exists and span{@j4, ..., A} = span{ey, ...,@m}, for each 


m = 1,2,...,n. By Lemma 3.3.10, every a; for 1 <j < ncan be written 
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But, span{aj, ..., Am} = span{ej, ..., @m} tells us that each a; has a shorter expansion 
of the form 
aj = > (ay, €;) ej. (3.3.2) 
i=1 
Now, let B = [b,;,] be the n X n upper triangular matrix such that 


by = (aye, ifl1 <k <l 


and 
by =Oifl<k <n. 
That is, 
(@4,€1) (@z,€1) + (Ane) 
B= 0 (A, €>) or (An, €2) ; 
: 0 , : 
0 vee 0 (An, en) 


Let E = [e, e2 -: e,| be the n X n matrix whose columns correspond to the 


orthonormal basis (€}, ..., €,) for R”. Notice, 


(@4,€1) (@z,€1) ++ (An, e4) 
EB = [e, Qn °° enl : woe - (ny €2) 
0 vee 0 (ay, en) 

= [e1(a1,€1) €4(Az,e1) + €2(Az,e2) «C4 (An, C1) + + Cn (An, Cn) | 

= [(a4,€1)€1 (Az, €1)ey + (Az,€2)@2 (An, 01) ey +++ + (An, Cn)enl, 


since each inner product is simply a scalar. So, 


1 2 n 
> (a e;)e; > (a2, ere; at > an ener 
i=1 i=1 i=1 


EB= 
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by (3.3.2.). Hence, 


So, 
(det A)? = det A: detA 
= det A’ - det A, 
= det(A™ A) 
= det[(EB)’EB],since A = EB 
= det(B’ETEB) 
= det(B’E~1EB), since E is orthogonal 
= det(B’B) 
= det B’ -detB 


= detB-detB 


(det B)? 


[| e;) | _,since B is upper triangular 


£[|(Serer) 


j=1 \i=1 
since one element of a sum of nonnegative numbers will be less than or equal to the 


entire sum. Therefore, 
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(det A)? < | (Sa, “") (3.3.3) 


j=1 
n 
2 
<) 
i=1 


Now, by Lemma 3.3.11, 


| de e)") [Je -T]( 


j=1 j=1 


This, together with (3.3.3) gives us 


j=1 
which completes our proof. # 

The technique used in our next proof can be extended to higher dimensions 
to obtain Hadamard’s Inequality for real matrices in the general case. For simplicity, 
we will restrict our discussion here to the special cases when A is 2 X 2 and 3 x 3 
[Bel43]. 

Proof 2. Before we begin, note that det A = det A’. So, proving Hadamard’s 
Inequality for the sums of the squares of the row entries is equivalent to doing the 


same for the columns. Therefore, we can equivalently prove 


n n 


(deta? <| [( > (a,)” } (3.3.4) 


=i a4 
Suppose first that A is a 2 X 2 matrix with real entries. Let 


A=[n asl 


Notice then that proving (3.3.4) for a 2 x 2 matrix is equivalent to proving 
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(a,b — anb,)* < (a? + a5) (b? + b?). (3.3.5) 
We begin by considering any two points in the plane, A = (a,,a,) and B = (bj, b>), 
with the origin, O. Now, let C = (—az,a,). Then, line OA has equation y = (a,/a,)x 
and line OC has equation y = —(a,/az)x. Hence, lines OA and OC are perpendicular. 


Let mZAOB = @. Consider AABO as in Figure 3.1 below. 


A (a, az) 


a) 
ia 


°B (by by) 
Figure 3.1: AABO with O at the origin 


Denote the area of AABO as A,. Then, 


1 1 
A\= 5 0B: 0A: sind == b?+b3- fa? +a3-sin@ 
sin 8 3 ne . 
= 5 (ay + as)(bj + bs). (3.3.6) 


It is known we can also express the area of AABO using determinants. That is, 


1 ja, | 


A\= 5 bi b> . (3.3.7) 


Next, Consider ACBO with height h, as in Figure 3.2 on the following page. 


> 
“Sy 


' —— 
h! ae. 
\ 
4 


a 
U.-- 516 (by, by) 


Figure 3.2: ACBO with O at the origin 


Since OA and OC are perpendicular and mZAOB = 6, we have mZBOC = 6 + 90. 


Therefore, ACBO is obtuse and so the altitude from C lies outside the triangle, as in 
Figure 3.2. Now, 


mZa = 180 —- (6+ 90) = 90-48, 
and so 
mZB =90-—a=90- (90-8) =8@. 
Therefore, 


h=O0OC:-cosB = OC -cos@. 
Then, if we let A, denote the area of ACBO,we have 


1 
A, = 508 -0C -cosd = 5 


5 [b? + b3- [a3 + a? - cos 6 


cos @ 


a [(a? + a%)(b?2 + b2) 


(3.3.8) 
Again, we can also express the area of ACBO using determinants. So, 
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(3.3.9) 


Now, by (3.3.6) and (3.3.8) we have 


a 
° (a? + a3)(b? + b3) 9 oe (aj + az)(bz tr b3) 


(A,)? zy (A,)* = 


_ (sin? 6 + cos? 6) 
a 


(aj + a3) (by + bz) 
1, 2)(p2 2 
And, from (3.3.7) and (3.3.9) we have 


b, by 
az, ay 


’ 


[(a,b2 — azb,)* + (a,b, + Azbz)* ] 


(01)? + (Ag)? = (5 b, ae 4 (5 


en 


> (arb, — ayb,)?. (3.3.11) 
Hence, by (3.3.10) and (3.3.11), 
(aj + a3)(by + b3) = (aybz — azb,)’, 
which is precisely (3.3.5) and therefore Hadamard’s Inequality for real 2 x 2 


matrices. 


Suppose now that A is any real 3 X 3 matrix, where 


by bz bs), 
Cy C2 C3 


a, az Az 
re | 


Then, the following is equivalent to proving (3.3.4) for n = 3: 


(det A)? < (a? + a3 +.a3)(b? + bZ + b3)(c? +3 + C2). (3.3.12) 
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Consider the tetrahedron OABC, with vertices A = (a,,@2,a3), B = (by, bz, b3), 
Cy, = (C1,C2, C3), and origin O. Let the lengths of OA, OB, and OC, bea, b,andc, 
respectively. Also, call h, the altitude from C, to the plane OAB and @ the angle 


formed by OA and OB. If V, is the volume of tetrahedron OABC,, then 


1 
(5 basin 6) hy 


1 
Vi=s 2 


3 
1 
= gz obhy sin 0. (3.3.13) 


It is known that we can also express the volume of the tetrahedron in the following 
determinant form: 
a, a2 a3 


by bz b3}}. 
Cy Cy C3 


1 


Vv, =|- 3.3.14 
1 = (3.3.14) 


Now, consider two other points, Cz and C3, such that OC, = OC, = OC3 =c 


and OC, OC, and 0C3 are mutually perpendicular. Similar to above, we call hz the 
altitude from C; to the plane OAB and h; the altitude from C3 to the plane OAB. 
Then, if V> is the volume of tetrahedron OABC, and V3 is the volume of tetrahedron 


OABC3, we have 
1 
Y= 5 abh sin 8 (3.3.15) 
and 
1 
V3 = g abhs sin 6. (3.3.16) 


So, by (3.3.13) - (3.3.16) we have that 
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<Vi+V3+V3 
1 
= 3g (hi + h3 + h3)a*b? sin? 8. (3.3.17) 


Since OC, 0G. and 0C3 are mutually perpendicular we can, without loss of 
generality, let C, be on the x-axis, C, be on the y-axis, and C3 be on the z-axis. Then 
C, = (c,0,0), Cz = (0,c, 0), and C3 = (0,0,c). Consider the parallelepiped formed by 
OA, OB, and OC, with height h, and parallelogram base. Since the volume of the 


parallelepiped is equal to the area of its base times the height, we have 


se ad 
n= OPT eal les tea 
foaxoay |” | oax onl] |~ |foa xa] 
Similarly, 
ee eae 
n= [O78 7a oe cll [-elo. ts 
joaxoay |” | jax oa] | ~ |foa x on 
and 
a 8 
_|\@axoe)-e) lo Gel} felon on 


3 = 


[04 x 0B joa x oB|| | ||[oa x OB) 
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So, 


2 2 z 2 
Cc Az Q3 Qa, a3 a, az 
(lo, bal tle, bal tly ol JO 


2 2 2. 
SPO Toe onl by by b, bs by bs 


Notice that we used that the sum of the squares of the determinants is equal to the 


square of ||OA x OB|. Then, (3.3.17) becomes 
7 ase ay? < Spee sin? 6 
36 ~ 36 


1 
< yA 


since sin? 9 < 1 for all values of 6. And, with a as the length of OA, b the length of 
OB, and c the length of OC, 

a*bh?c? = (ai + a5 + a3) (bi + be + :b3)(c? + cZ + 2). 
Therefore, 

(det A)? < (a? + a3 + a3)(b? + bo + bZ)(c? + c2 + c¥), 


which is (3.3.12) and Hadamard’s Inequality fora 3 x 3 real matrix. 
3.4 Hadamard’s Inequality for complex matrices 


Hadamard’s Inequality in fact holds for any complex square matrix. We will 
present a surprisingly simple proof. To do so, we need the following definitions and 


lemmas. 


Definition 3.4.1. A square matrix A is Hermitian if A* = A, where A* represents the 


conjugate transpose of A. 
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Definition 3.4.2. A Hermitian matrix is positive semidefinite if, for any nonzero 
vector x, itis the case that x*Ax = 0. A Hermitian matrix A is positive definite if the 


inequality is strict for any nonzero vector x. 


Definition 3.4.3. An eigenvector of a square matrix A is a nonzero vector x that 


satisfies the equation Ax = Ax, where J, called the eigenvalue, is a scalar. 
Lemma 3.4.4. All the eigenvalues of a Hermitian matrix are real. 
Proof: See Graham [Gra87]. 


Lemma 3.4.5. [fA is ann X n Hermitian matrix, then A is positive semidefinite if and 


only if the eigenvalues of A are nonnegative. 
Proof: See Graham [Gra87]. 


Lemma 3.4.6. Let A be a square matrix with complex entries. Then, the eigenvalues 


of A*A are nonnegative. 
Proof. Using a property of the inner product, 
(A*Av, v) = (Av, Av) = ||Av]|? = 0, 
which implies 
(A*Av,v) > 0, (3.4.1) 


for any vector v € C”. Suppose then that v is an eigenvector of A*A with 


corresponding eigenvalue 4. That is, A*Av = Av. Then, 


(A*Av,v) = (Av, v) = Av, v). 
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Thus, 


_ (A*Av, v) 
— (v,v) 


Because v is an eigenvector, itis nonzero. Hence (v, v) > 0. This, together with 


(3.4.1) tells us that A => 0. Therefore, the eigenvalues of A*A are nonnegative. m 


Lemma 3.4.7. For any square matrix, the determinant is equal to the product of the 


eigenvalues. 
Proof: See Graham [Gra87]. 
Lemma 3.4.8. For any square matrix A with complex entries, 
|det(A)|? = det(A*A). 
Proof. First we see that 
det(A*A) = (det A*)(det A) 

= (det A)(det A), since det A? = det A 

= (det A) (det A) 

= |det(A)|?. = 
Lemma 3.4.9. Suppose A is a positive semidefinite n X n matrix with complex entries 


and eigenvalues A, = Az >++* >A,y = 0. Suppose also that e4, ...,@n € C" is a set of 


orthonormal vectors. Then, 


k k 
| | An-j+1 < | |i4e;, ej), 
j= j=i 


forl<k<n. 
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Proof: See Marcus and Minc [MM64]. 
We are now ready to prove Hadamard’s Inequality for complex matrices 
[MM64]. 
Theorem 3.4.10. (Hadamard’s Inequality for complex matrices) For anyn xn 
square matrix A = [aij with each a;; € C, 
n n 
jecat?<| [(Y'ful") 
j=1 \i=1 


Proof. Notice that A*A is Hermitian since (A*A)* = A*A. By Lemma 3.4.6, the 
eigenvalues of A*A are nonnegative, and so A*A is positive semidefinite by Lemma 
3.4.5. Therefore, we can apply Lemma 3.4.9 to A*A. Leta, >A, =>-- 2A, = Obe 
the eigenvalues of A*A, and suppose that ej,...,e, € C" is the standard set of 


orthonormal vectors. Then, 


|det Al? = det(A*A) , by Lemma 3.4.8 


n 
= | | An—j+1,by Lemma 3.4.7 


j=1 


n 
< | [ir4e, e;), by Lemma 3.4.9 
j= 


n 
= | |(4e;,46)). 
j=1 


And so, 


n 
|det A|? < | |(4e;,4e)). 
j=1 


Notice that 


ay4 oe ay j eee Ain 
0 
Ae; _— ajr eee Ajj eee Qin 1 
. . . 0) 
Ant ** Gnj “* Ann ; 
where the 1 entry in e; appears in the jth position. So, 
Qj 
anj 
with AW denoting the jth column of A. Hence, 
n n 
| |(4e;,4e)) = | 42,4) 
Jar j=1 


n 
=| [err 
ja 
n n 
— | | (Sul) 
1 \i=1 


j= 
This, together with (3.4.2) yields 


n n 
|det A|? < [[(d tout’). a 


j=1 \i=1 
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(3.4.2) 
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CONCLUSION 


In this thesis, we explored several mathematical inequalities, but have only 
scratched the surface. The vast subject continues to be an area of study, and 
researchers persistently work for more answers and applications. For instance, 
although Katsuura introduced a chain inequality for the sine and tangent of an acute 
angle, many more extensions are unknown. Also, we proved the following result of 
Katsuura and Obaid: If z isa complex number with modulus not equal to one and n 
is a positive integer, then 


z™—1) |z|"-1 


z—-117~ |z|-1— 


We need further investigation to determine if the following is true for any non-zero 


values of m: 


z™—zm 


|z|" — |z|’" 
z—-1 | 


|z|—-1 


Many inequalities that generalize Price’s Inequality are also still to be found. 
Similarly, although a significant amount of inequalities about univalent functions 
have been discovered, it is certainly possible to do more in this area (see Duren 
[Dur83]), and the same is true for matrix inequalities. As with other branches of 
Mathematics, new discoveries beg additional questions, which hopefully sparks 


more research and investigation. 
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